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Theory of The Generahzed Bernoulh-Hurwitz Numbers 

for The Algebraic Functions of Cyclotomic Type 

and The Universal Bernoulli Numbers 



Yoshihiro ONISHI 



Introduction. Let C be a smooth algebraic curve of genus g, and assume it is 
defined by 

(1) 2/2 = x^s+i - 1, or y2 _ ^25+1 _ ^ 
with the unique point oo at infinity. We consider the integral 

(2) u- 



x^ ^dx 



2?/ 

As this is an integral of the first kind, namely of a holomorphic 1-form, this is finite 
valued everywhere. Since the integral (2) has a zero at oo of order 1, there is an 
inverse function u y^ x near -u = 0. If (7 = 1, namely C is an elliptic curve, then it is 
meromorphically extended to the whole complex plane of u and such the function 
-u 1-^ a; is no other than the elliptic function p{u) attached to C. 

On the other hand, if (7 = 2, the function u ^-^ x is never extended globally, we 
must think about the set of g integrals 

/ •. I LijtAy I tAyXAJtAy I tAy \Anij 

3 Ui= — , U2= -— , ■■■ , Ug= -— , 

ioo 2?/ J^ 2y J^ 2y 

moreover about the sum of the right hand side for g points (xi, yi), (x2, 2/2), ■ ■ ■ , 
[xg.yg), and study them as functions of several variables. Such the idea is an 
authority of treatise of Abelian functions back from Jacobi. 

Now we should be notice that, in the case of gr = for the first type in (1), the 
function uy^ x is just the trigonometric function 1/ sin [u). The Bernoulli numbers 
i?2n, one of the most important set of numbers in mathematics, (especially, in the 
theory of cyclotomic fields) is just the Laurent coefficient of this function: 

1 1 °° 92". R ,,2n-2 



^^^ s\n^{u) «'^^/ ^' 2n (2n-2)!- 

Furthermore, in the case oi g = 1 and C is y^ = x^ — x, very important numbers 
-E4TJ,, the Hurwitz numbers, are defined similarly by 

1 °" 2^^ F ^An—2 

n=l 

The numbers £'4^1 are used to study the Gauss number field. 

But Jacobi's theory does not work well for an extension of Bernoulli and Hurwitz 
numbers, and the author were not able to go further for g = 2. Thus the author 
simply studied the (2) and he found surprising facts: The Laurent coefficients of 
the function u ^^ x have very natural extensions of the three main properties for 
Bernoulli numbers, von Staudt-Clausen theorem, von Staudt second theorem, and 
Kummer congruence relation (and their analogies [Hul], [Hu2], [L] for Hurwitz 
numbers) (Theorems 6.1.1, 6.2.1, 7.1.1, and 7.2.1). 
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We have here rather modern description of our situation. We assume g ^1. We 
construct a standard universal Abehan covering k~^l{C) of C in the g dimensional 
complex space C^ as follows. The concrete definition is given at the Section 4. Here 
the pull-back of oo to C^ coincides with the lattice A C C^ of all the periods of 
(3), and C^/A is (the C-rational points of) the Jacobian variety J of C. 



K-h{C) 



C 



1 1' 

C9 — ^ CVA = J 

For (7 = 1, the two vertical embeddings are bijections. We take the g-th coordi- 
nate Ug as a natural local parameter around the origin = (0, ■ ■ ■ , 0) G C^ = 
(tti, W2, ■ ■ • , Ug) of k,~^l{C). If u = (wi, U2, ■ ■ ■ , Ug) varies on K~^i(C), we denote 
x{u) the inverse function u ^-^ x determined by (3). We define y{u) similarly. Under 
this situation, the Laurent coefficients at -u = with respect to Ug of the functions 
x{u) and y{u) on k~^l{C), which we call generalized Bernoulli- Hurwitz numbers, 
have the quite similar properties as Bernoulli and Hurwitz numbers have. Especially 
we show von Staudt-Clausen type theorem, an extension of von Staudt second the- 
orem, and Kummer type congruence relation for the generalized Bernoulli-Hurwitz 
numbers. This paper contains various numerical examples including the Bernoulli 
and Hurwitz numbers. They would be convenient to the reader. 

In order to explain our proofs of the theorems above, we introduce the universal 
Bernoulli numbers^. As the Bernoulli numbers are associated to the formal group 
with the formal logarithm t ^-^ log(H-t), the universal Bernoulli numbers are associ- 
ated to the universal formal group, which is investigated mainly in stable homotopy 
theory. The universal Bernoulli numbers are universal as the name shows, and they 
give our generalized Bernoulli-Hurwitz numbers by a specialization. Therefore, 
roughly speaking, all the properties which are satisfied by the universal Bernoulli 
numbers would be also satisfied by the generalized Bernoulli-Hurwitz numbers. For 
instance, Clarke's theorem (Proposition 2.3.1) for the universal Bernoulli numbers, 
which is a beautiful unification of analogies of von Staudt-Clausen theorem and 
von Staudt second theorem, is essential in our proof of the associated Clarke type 
theorem (Theorems 6.1.1 and 6.2.1) for the generalized Bernoulli-Hurwitz numbers. 

Additionally, our proof of the Clarke type theorem for generalized Bernoulli- 
Hurwitz numbers needs a method that was introduced by Carlitz in [Cal]. The 
explicit addition formula and multiplication formula for an elliptic function are 
traditional method to investigate Hurwitz numbers, and their natural extensions 
for g > 1 in Jacobi's theory could not work well, because the inverse function x{u) 
is out of his theory. Surprisingly, Carlitz's method in [Cal] keeps out of such 



^ July 2003, the author was translating the first Japanese version of this paper into English, 
and he found a gap in his proof of the Kummer type congruence relation. To repair the gap, he 
met the universal Bernoulli numbers, and especially a certain type of Kummer congruence relation 
obtained by Professor Arnold Adelberg. 
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formulae^. We use his method extensively in the Sections 10 and 11. His method 
is a way to compare different kinds of powers of a power series which seems to 
go back to Lagrange inversion theorem"^. Since the divisor of n-th power of an 
algebraic function </? is just the n-plication of the divisor of the function (/?, we can 
regard his method treats essentially the addition and multiplication formulae^. 

Furthermore, we show a Kummer type congruence relation (Theorem 3.1.1) for 
the universal Bernoulli numbers, which is one of the main results of this paper. 
This result gives a best possible estimate about the modulus for such the congru- 
ences, and implies the Kummer congruence relation (Corollary 3.1.3) discovered by 
Adelberg. Though this result had contained an open lemma (namely. Proposition 
3.2.1 (2)), Seidai Yasuda proved it February, 2004. He also proved the Kummer 
type congruence relation that had been a conjecture in the previous version of this 
paper. He proved the congruence by studying the formal group obtained by the 
universal formal group by specializing the universal Bernoulli numbers to the gen- 
eralized BernouUi-Hurwitz numbers. At the result, we could not use the congruence 
for the universal Bernoulli numbers in order to prove the one for the generalized 
BernouUi-Hurwitz numbers, because the former is much weaker than the later. So 
the reader who is interested only in the generalized BrnouUi-Hurwitz numbers is 
suggested to skip the subsections 3.1 3.4 3.5. 

Since to write up the general proof for the widest class of the curves in our theory 
is so complicated, we describe in a general form only the statements of main results, 
and restrict the context of the paper mainly for the genus two curve 

Ip' = x^ - 1. 

Our results also hold for the curves of more general type as in 17.1. We call 
such a curve to be of cyclotomic type. The author believes that the reader who 
understands the arguments of this paper can easily apply them generally for the 
curves of cyclotomic type. Moreover, our results would be extended to any curve 
over the p-adic integer ring with certain prime p such that it is completely ramified 
at infinity and the formal completion of its Jacobian variety at the origin contains, 
as a factor, the formal completion of the curve at oo. Of course, our proof is effective 
for the Bernoulli numbers and Hurwitz numbers, and is regarded as a new proof 
for such the classical numbers. 

The plan of this research is initialized by a suggestion of M. Koike in my visit 
to Kyushu University several years ago, and by an inspiration from the nice book 
[AIK]. Professor T. Asai and S. Matsutani gave helpful comments and continuously 
encouraged the author. Lemma 18.3.2 was proved by Hiroshi Suzuki. Professor A. 



■^It is plausible by [Cal] and [Ca4] that Carlitz made much effort to find analogous numbers 
as the Hurwitz numbers for higher genus cases. He, however, did not have our approach and 
could not succeeded. The author think that the age when he was active is much poor in detailed 
knowledge about Jacobian varieties. Though to find our results needed such knowledge, our paper 
never uses Jacobian varieties at least logically. 

^This was pointed out by Takayuki Oda. We need another type of Lagrange inversion theorem 
(Proposition 1.2.1) in order to have results on the universal Bernoulli numbers. 

^This is S.Matustani's opinion. 
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Adelberg read the draft of the Sections from 1 to 3, and he pointed out several 
errors. These three Sections was estabhshed by his helpful comments. I would like 
to express my thanks to the related persons. 

This paper is a complete revised edition by including Yasuda's proofs, of an old 
manuscript which contained certain open lemma about Kummer type congruence 
for the universal Bernoulli numbers, and in which the Kummer type congruence 
for the generalized Bernoulli- Hurwitz numbers was a conjecture yet. Though this 
edition contains some personal opinions of the author and it was named solely, the 
reader should understand this is a joint work of Yasuda and O. 

The author understand by this work that Hurwitz is deeply related to the Leonid 
meteor storms^. 



^Around the year Hurwitz's papers [Hul] and [Hu2] were published, the mother comet 
Tempel-Tuttle of the Leonid meteors got across the Earth's orbit (the date would be in June, 
1898). The day of Hurwitz's death, 18th December 1919, is a day peoples were able to watch the 
the Leonid storms. The author found later that the initial phenomenon leading the results of this 
paper was discovered just at the peak of the meteors at Japan, very early before day-light of 19th 
December 2002. The author strongly hopes to watch spectacular display from the Leonid meteors 
in future. 
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Convention on notations. 

(1) For a rational number a, we denote by [aj the largest integer not exceed a, 
and by \a] the smallest integer not smaller than a. 

(2) We use the notation 

{z)n = z{z - 1) ■ ■ ■ {z - n + 1) 

for an integer n = 0. Here the range of z is determined by each situation. The 
binomial coefRciets is written by this as 



nj n\ 

(3) Generalizing the factorial symbol, we denote by n!! the product n(n— 2) (n— 4) ■ ■ ■ 
of the sequence with step —2 from n to 1 or 2. Similarily n\\\ means the product of 
the sequence of positive integers from n with step —3. Moreover, for instance, we 
denote n!!!!! = n!'"'. Hence 12!(5) = 12 ■ 7 • 2. 

(4) If p is a prime and the p-part of given rational number r is p^, then we write e = 
ordpT. If r is a polynomial (possibly in several variables) with rational coefficients, 
then we denote by ordpT the least number of ordpr for all the coefficients r of r. 

(5) For a prime number p and an integer a, we denote by a\p the neglect of p-part 
of a, namely a\p = a/p°'^'^p"'. 

(6) If F{z) is a formal power seriesnwith respect to z, we denote by [z'^]F{z) its 
coefficient of z"". We use also [^]F{z) := nl[z'']F{z) or [f^]F{z) := nlz'^jFiz). 

(7) For a formal power series ifiz) with respect to z (permitting negative-power 
terms), we call [^](/7(2) (n ^ 0) the Hurwitz coefficient for Lp{z) of z"^. We say 
[-](/?(2) its Carlitz coefficient. 

(8) Let R he a, commutative ring. We denoted by R{{v)) the ring of the formal 
power series with respect to z consisting of only terms of non-negative order such 
that all of whose Hurwitz coefficients belong to R. 

(9) In an expression of a power series with respect to z, the symbol {d°{z) ^ m) 
stands for its part of the terms of degree at least to. When to is obvious, we simply 
denote them as usual by + ■ ■ ■ . 



Ill Preliminaries from combinatorics 

1.1. Fundamentals on factorials. The following properties on factorials are 
frequently used. Let n and k be non-negative integers, p be a prime number. If 

n = kp + a (0 ^ a < p), then 

(1.1.1) ordp(n!) = OYdp{{kp)l) = ordp(A;!) + k. 

We denote by Sp{n) the sum of the digits with base p expression of n. Then 

n — Sp{n) 



(1.1.2.) ordp(n!) 



p — 1 



1.2. Lagrange inversion formula. For a power series F{z) with respect to z, we 
denote by [2"]F(2) its coefficient of 2". The following formula is called Lagrange 
inversion formula. 



Proposition 1.2.1. Let ip{u) = u + • • • he a power series with respect to u 

consists of only the terms of non-negative degree such that its coefficient of u 

is 1. Let V'(t) = (p~^{t) he its formal inverse series, namely the power series 

with respect to t such that (p{;(p{t)) = t. Then 

u \i i ..^./^(t)y-" 



t""lf^j =I^^'-Kt J 



Proofs are found in [Co, pp. 148-153] and the reference for [Adl, Proposition 2.1]. 

1.3. Fundamentals on binomial coefficients. We prove the following Lemma. 
We do not use this until 10.1. 



Lemma 1.3.1. Let n and q are positive integers, and r he an integer such 
that r < q. Then 



(qn — r)V'^^ „ 

-^^ G Z 

(gn)!(«^ 



Q 



Proof Let ^ = q{(1 + z)^/'^ - 1}. So that z = {1 + -0'^ - 1- We apply the Lagrange 
inversion formula (1.2.3) for £ = —1, and have 

(\-i / (\ A_ lc\q _ \\-i-n 
_^__L__) .ri(^ ) ^{(l + f«'-l}. 

The right hand side obviously belongs to Z[-]. Hence the left hand side too. Look- 
ing at the coefficients of 

we see the statement. D 



Here, we show this by another way. Although the following Lemma is rather 
weaker than 1.3.1, we have 1.3.1 by varying p because of the equality 

(1.3.2) f ' " '1 = C-^) C-^^) ■ ■ ■ C-^^] /n! = (-1)-%-=^. 
\ n J \ q J \ q J \ q /I [qnyM'' 




Proof . For a given integer n ^ 0, the function z ^^ n is a, continuous map from 
Zp to Qp. Since Z is dense in Zp and (^) G Z for ^ G Z, the statement follows. D 



2 The universal Bernoulli numbers and their properties. 

2.1. Definition of the universal Bernoulli numbers. Let /i, /2, ■ ■■ be 

infinitely many indeterminates. We consider the power series 

(2.1.1) ^-^(t)=t + J2f-;[TT 

n=l 



and its formal inverse series 



U"^ .„ „ 2 ^ n .U^ 



(2.1.2) t = t{u) =u-h— + (3/i^ - 2/2)— + ■ ■ ■ , 

namely such the series that u{t{u)) = u. Then we define i?n2 £ Q[/i7 /2, • • ■]• by 

^ ' n=0 

and call them the universal Bernoulli numbers (of order 1). If we set fn = (—1)"^, 
then u{t) = log(l + t) and t{u) = e* — 1. Then Bn is just the classical Bernoulli 
number Br,. 



2.2. Schur function type expression of the universal Bernoulli numbers. 

We introduce more symbols. For a finite sequence U = (t/i, t/2, ■ ■ ■ ) of non- negative 
integers, we denote w{U) = '^jjUj, and call it the weight of U. The number 
d{U) = ^ Uj is called the degree of U. We can regard U a partition of w{U). For 
simplicity, we write as 

(2.2.1) Ul = Ui\U2l--- , '^ 



Using notations A^ = 2^i3^24L'3 . . . , and /^ = fi'''f2"^f3''^ ■ ■ ■ , we define 
(2.2.2) 7^ = A^t/! 

If we set h{t) = {^{t)/t) - 1, then 



"- \ J j-wiU) 



(2.2.3) (^)"=(1 +"«))• = i:(^)ft'W. '''W= Z vt/M" 

d=0 ^ ^ d{U)=d 

Hence, by writing as 

(2.2.4) ^^^ .,„,_, (MC0±*0^2)! 

and using 1.2.1 for £ = 1, we have the following expression of B^. 



Proposition 


2.2.5. 


We have 










n 


w{U)=n 


Tur. 



Following Haigh ([CI, p. 594, £.-12]), we call this the Schur function type expression 
ofS,. 
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2.3. Clarke's theorem. Here we describe Clarke's theorem on the universal 
Bernoulli numbers. For a prime number p and an integer a, we denote by a\p the 
neglect of p-part of a, namely a\p = a/p°^'^p°'. 



Proposition 2.3.1. We have 

Bi = -/i, 

2 r^ S'^^' 



Bn 

n 



E 



a\p mod p 



l+ord„a 



n=a(p— 1) 
p: prime 



P 



1+ordpa 



f a 
Jp-1 



( if 71 = mod 4 



/i""V3^ ri/r , ^ air' mod p^+^^''^- „ 



n=a(p— 1) 
p: odd prime 



„l+ordpa 



f n , r n— 3 _f 
Jl + /I /3 



( if 71 7^ 2 and n = 2 mod 4 
( if n 7^ 1 and n = 1, 3 mod 4 



mod "the set of weight n polynomials in Z[/i, /2, 



The proof is elementary, but is given by quite involved use of 2.2.5. For the reader 
who is interested in should be referred to [CI]. 



Remark 2.3.2. (1) For example, if n = mod 4, this proposition shows that 

f n/(p-l) 

- E ^^^^^ modZ[/i,/2, 



Br 



piprinie 
p—l\n 



p 



and if additionally p — 1/n then Bn/n G Z(p)[/i, /2, • ■ ■]. Indeed for a prime p, if 
n = a{p — 1) and ord^a = z/, then 



n 



(a|p mod p^'^'^) 1 



mod p^Z 



and 



n 



(a\p mod p^+'') 1 

-^^ — = — mod Z. 

pl+iy p 



Hence the former statement. The later is obvious. The former is an analogy of 
the von Staudt-Clausen theorem for the classical Bernoulli numbers, and the later 
is an analogy of the von Staudt second theorem. Clarke's theorem is a beautiful 
unification of these analogy of these two theorems. 

(2) Although the modulus is whole the ring Z[/i, /2, ■ ' '] m [CI], we obviously see 
that it may be replaced as above because of 2.2.5. 
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3 The Kummer type congruences for the universal Bernoulli numbers. 



3.1. Main theorem. The universal Bernoulli numbers satisfy the congruence 
relation of Kunimer's original type modulo pL«/2j 



Theorem 3.1.1. Let p he a prime, a and n be positive integers. Assume that 
n > a and n ^ mod {p — 1). Then 



Remark 3.1.2. (1) If a = 1 and n > a = 1 with n ^ 0, 1 mod {p — 1), then 
the congruence above holds modulo p. This fact appeared by [Adl, Theorem 3.2] 
in the first time. A shorter proof and an extension to the case where n = 1 mod 
{p — 1) are given in [Ad2 , Theorem 1]. 

(2) For an odd prime p ^ 7, let consider U such that Ui = p, U2p-i = (p — 3)/2, 
and the other entries are Uj = 0. Then w{U) = p + {p — 5){2p — l)/2 = —1 mod 
{p — 1). For this U, we can easily show that 

ordpiru) = {p - 5)/2{= [{p - 4)/2\). 

Note that we have n>a f or a = p — 4 and n = w{U). Looking at (3.4.1) below, 
we understand that the estimate 3.1.1 is best possible. 

(3) In the example above for p = 5, we have ord5(r,7) = 0. Then n = w{U) = 5 = 1 
mod (5 — 1) and this is one of the excluded case in [Adl, Theorem 3.2]. Keeping 
this case in mind and slightly modifying the proof of 3.3.1 below, we can show that 
the congruence in 3.1.1 holds modulo p for a = 1 provided the additional condition 
n ^ 1 mod {p — 1). 

We prove in 3.5 the following congruence of Adelberg ([Ad3, (i) of the Theorem]) 
directly from 3.1.1 and the Remark 3.1.2(1). 



Corollary 3.1.3. (Adelberg's congruence) If n ^ 0, 1 mod {p — 1) and n > a, 

then 

n n + p" ^(p — 1) ^ ' 



The Theorem 3.1.1 gives a similar but more complicated congruence if n = 1 mod 
(p — 1), that is [Ad3, (ii) of the Theorem]. 
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3.2. The first tool for the proof (Yasuda). 

We need two Propositions for the proof of 3.1.1. The following is the first one. 



Proposition 3.2.1. Let p he a prime, and a, n be non-negative integers. Let 
ordp(n!) ( if n^ ap). 



M 

a — [n/p\ +ordp(?i!) — [(a — [n/p\)/p\ ( if n < ap 

Then we have the following congruences. 

(1) If q is a non-negative integer, then 

^{{r + q)p + n)lfa\_ ^ 

> — — - — =0 mod p ; 

^ {r + q)\p-+'i \r) 

(2) // ro is an integer such that < ro ^ a and n ^ rop is an integer, then 

[{r - ro)p-\-n)\ /a' 
(r — ro)!p'^~'^" \r^ 



y {{r-ro)p + n)W a\^ mod p^. 



r=ro 



At the beginning of this work, while (1) had been proved by the author, (2) was 
still a conjecture. Recently Yasuda gave a unified proof of (1) and (2) in [Yal]. 
This subsection is entirely due to his proof. For the proof we define, for two real 
numbers a > and /?, 

(3.2.2) Zp((t;))(«)'/3 ^[^e Qp[[v]] I (f )^V G pr"(«+/3)lZp((z;)) for all a ^ o}. 

Remark 3.2.3. (1) The reader may be easier to understand the proof if he regard 

Zp((i;))(")'^ as if "p"^Zp((p°/Pt;))". 

(2) We only use the case of a = 1 — - for the proof of 3.2.1. 



Lemma 3.2.4. (1) Zp{{v))^°''>'^ is a Zp-submodule in Qp[[v]]. 

(2) Zp((z;))(«)'^ C p^'^^^Zpiiv)), Especially, if (3 ^ then Zp((i;))(")'^ C Zp{{v)) . 

(3) Let f{v) = Y.n=o^nV^ e Qp[H]. f{v) e Zp((t;))(")'/3 if and only if 
En=o ^nV" G Zp((i;))(«)'/3 for allm^O. 

(4) Ifai^a2>0 then Zp((i;))(«i)'^ C Zp{{v))^^^^'^ . 

(5) If/3i ^ 132 then Zp((i;))(«)'^i C Zp((z;))(")'^^ 

(6) Ifn e Z (possibly negative) t/ien p'"Zp((z;))(")'^ C Zp((i)))(")''^+S . 

(7) Ifipe Zp((t;))(")'^ then ±^ G Zp((t;))(-)'^. 

(8) //VP G Zp((^))(")'/^ then {^f^ G Zp((z;))(-)'/^+i. 

(9) Let m ^ and b G Qp. bv'^/ml G Zp((z;))(")'^ if and only if ordp{b) ^ 



Proof. All the statements are easily shown by the definition (3.2.2). D 
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Corollary 3.2.5. IfO<a^l, ipE Zp((i;))(")'/3 then 



Proof. For our purpose it suffice only to prove the case p ^ 2. The Leibniz rule 
shows 

This belongs to Zp{{v))^"^'f^~^^ +pZp{{v))^'^')'^ Therefore the statement follows from 
3.2.4 (6), (5) and the assumption for a. D 



Lemma 3.2.6. Let < a 


^1- 














(1) Z,[H] C Z^((z;))H'0. 
















(2) Ifipi G Zp((t;))(«)'/3i and v?2 G Zp{{v))^ 


a),p2^ 


t/ien v?i</?2 e Zp((i)))( 


a),/3i+/32_ 


Particularly, z/0 < a < 1, 


t/ienZp((t;))(«)' 


"Z5« 


sn6 Zp 


-algebra 


in Zp 


((^)), 


and 


Z^((z;))H'/^z.aZ,((z;))(«) 


^-module. 















Proof. (1) Suppose </? e Zp[[f;]]. Since (^(^)^"y:' G Zp[[i)]] C Zp((i))) for arbitrary 
a ^ 0, we have 

{£y\ e {pa)lZp{{v)) = p^'alZpiiv)) C p"Zp((z;)). 

Because ct ^ 1, this is contained in pl^""^ Zp((i;)). Hence cp G Zp{{v))^°'''^. 
(2) By the Leibniz rule, we see 

j=0 ^•' ^ 
j—O 0^j^pa,pj(j 

lip)(j thenpK^''). The definition (3.2.2) and 3.2.4 (7) imply 

O^j^pa, pj(j 

By a ^ 1, this is contained in p^°'^"-~^^'^~^l^'^>^Zp{{v)) ^ and we have shown that 

(fit(j G Zp((z;))(")'^i+^2 

as desired. D 
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Lemma 3.2.7. We have 



exp(z; + ^)GZ,H)( 



p ' 



Proof. Thanks to 3.2.6 (2) and (3), it suffice to show 

(l)exp(Er=ol?)eZ,[H]G 

(2) exp (- ^) e Zp((^))(i-^)'« for aU n ^ 2. 
Since the property (1) is well-known and proved in [Ho, p. 238, 5.4] and [R, p. 388, 
Theorem], we show only (2). To do so, by 3.2.4 (3), it suffice to show 

(2)' M'^^r e Zp((^))^'"^^'° for all n ^ 2 and m ^ 0. 
This i2j' is equivalent to 

(2)" ordp(g^) ^ (1 - i^-im for all n ^ 2 and m ^ 0, 
because of 3.2.4 (9). As 

ordp I j — 1 = y^ p-'m ^ p m + m, 



to show (2)" it suffice to check 

p"'~^m + m — mn ^ (l — -^p^~^m, 
namely m{p'^~'^ — n + 1) ^ 0. This is easily checked. D 

Proof of 3.2.1. Let n ^ and m = -\^]. By 3.2.4 (9), we see 

By 3.2.7 and 3.2.6 (2) we have ^ exp (f + y) G Zp{{v))^^~p'^''^ n Zp{{v)); and by 
3.2.5 we have 

for all a ^ 0. This is contained in p"- ~p'^'^~^'^'^Zp{{v)) fl Zp{{v)) by the property 
3.2.4 (2). Since 

and exp(i;) is invertible in Zp{{v)), we see 

Substituting m = —[-J, we have finally 

AY^^Y{V1 fv^\\ ^ j '^pii'^)) (ifpa<n), 

dv) +V U!^^PU;y'^\p-L-J-L(a-LtJ)/pJz^((^;)) (ifpa^n). 

Looking at the coefficients ofv'^~^'^P/{n + qp)l or v^~'^'^p / {n — rop)l of the above after 
multiplying it by n!, we get the desired congruences. D 
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3.3. The second tool for the proof. 

We show the second Proposition used in the proof of 3.1.1. 



Proposition 3.3.1. Letp he an odd prime and U is a partition with Up-i 
d{U) 7^ 0. Then r^ defined by (2.2.4) satisfies 



0, 



ordp(ry) 



> 



w{U)+d{U)-2 
2^ 



Remark 3.3.2. As we mentioned in 3.1.2 (2), we have ordp(r,7) = {p — 5)/2 for 
any prime p ^ 5 and any partition U such that Ui = p, U2p-i = {p — 5)/2, with 
the others Uj = 0. For this U, since w{U) =p+ (^EhMei^^ d{U) =p+^, and 
[{w{U) + d{U) - 2)/{2p)\ = [{p^ -3p- 2)/{2p)\ = [E^ + 2^\={p- 5)/2, the 
estimate above is best possible. 

Proof. For simplicity, we denote w{U) = n and d{U) = d. As d j^ 0, n + d — 2 > 0. 
We show the estimate under the condition U2p-i 7^ as follows: 

ordp(rLr) = ordp((?i + d - 2)\) - ordp(7y) 
= ordJ(-2+ Y. O' + l)^.)')- E^^^P^-i- E ordp(t/,!) 

( In the bellow e runs through the positive integers coprime to p. ) 



> 



ordpn-2+ Yl JUj+2pU2p-i)n - Yl kU,p,_^-ovdp{U2p-il) 

^ j^p-1, 2p-l ^ (e,fc)#(l,l) 

ordJ(-2+ 5^ jt/,+ Y (ep'-l)t/,p.-i + 2pt/2p_i)!') 

^ p/7 + 1 (e,A:)^(l,l), (2,1) ' 



p/j + l {e,k)^{l,l), (2,1) 

- Y kU^p''-i-ordp{U2p-il] 



(e,fc)/(i,i) 



> 



E ^ ( - 2 + E •^■^^- + E ('p' - i)^^p^-i + 2pt/2p-i) 

^^=1 ^^ ^ PJ(J + 1 (6,fc)/(l,l), (2,1) ^ 



- Y f^Uep''-i-ordp{U2p-i 

(E,fc)y^(l,l) 



(£,fc)/(l,l), (2,1) 

00 

!) (•.•ord,(An) = ^[^J 



u=l 



- ( - 2 + E •^■^^- + E ('P' - ^)U.p^-i + 2pt/2p-i) 

■^ ^ p/j + l (e,fc)/(l,l), (2,1) ^ 

+ E i ( - 2 + E •^■^^- + E ('p' - i)^^p^-i + 2pt/2p-i) 



pjfj+l (e,fc)/(l,l), (2,1) 

- Y kU^p''-i-ordp{U2p-il) 



(£,fc)/(i,i) 



> 



- ( - 2 + E •^■^^- + E ^'P' - l)^^P^-i + 2pt/2p-i) 

■^ ^ p/j + 1 (e,fc)/(l,l), (2,1) ^ 



u=2 



-2 + 2pU2p- 



- ^ kU^pk_i-oTdp{U2p-il] 

(e,fc)/(i,i) 



V - 2 + ^ Jt/, + Yl (^P' - l)^ep^-l + '^PU2p-l) 



,J(j+l (e,fc)/(l,l), (2,1) 



(e,fc)/(l,l) 



1^=2 



-2 + 2p?72p- 



ordp(t/'2p-i!) 



^ ^ p/i+l (e,fc)^(l,l), (2,1) ^' 



CXD 

t/2„-l +^ 



^2p-l 



i/=2 I- 



(e,fc)/(l,l), (2,1) 

-2 + 2p^2p-i 



ordp{U2p-il) 



■^ ^ p/7 + l (e,fc)^(l,l), (2,1) ^ 



p/j + 1 (e,fc)/(l,l), (2,1) 

- t/2p-i + ordp((-2 + 2pU2p-i)l 



-2 + 2pU2p- 
p 



ordp{U2p- 



Here we can replace the first term — - by — -, because if in the first bracket [ J 
the sum of the other terms is an integer then both of — - and — - contribute as —1, 
and if such the sum is not an integer its fractional part is larger than or equals to 
-. Moreover, since j ^ (j + l)/2 about the term jUj in the second term sum, and 
ep^ — kp — 1 > ep^ /2 if (e, k) ^ (1, 1), (2, 1) for the third term sum, we see 



> 



'^ ^ p/7 + 1 (e,fc)^(l,l), (2,1) ^ 

-ordp(t/2p-i!) 



2p 



p/(j+ 
+ oxdp{{-2 + 2pU2p-i)\ 

-2 + w{U)+d{U) 



(e,fc)/(l,l), (2,1) 

2 + 2pU2p-i 



-U, 



2p-l 



-2 + 2p?72p- 
P 



ordp{U2p-il] 



2p 

+ ordp(2t/2p-i)!) + 2U2P-1 - ovdp{2pU2p-i) - 

-2 + w{U)+d{U) 
_ 2^ _ 

+ ordp(2t/2p-i)!) + 2U2P-1 - ordp{2U2p-i) - 1 - (-1 + 2U2p-i) - ordp{U2p-il) 



> 



-2 + w{U) + d{U) 
2^ 



+ ord. 



f {2U2p- 



-D! 



V U2p-ll 



Hence, our proof is completed for the case U2p-i 7^ 0. If 6^2p-i = 0, by substituting 
this at the beginning of this calculation, we can more easily prove the desired 
estimate. D 
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3.4. Proof of the Kummer type congruence relation. Let us establish the 
proof of 3.1.1. By 2.2.5 the left hand side of the congruence in 3.1.1 is written as 
follows: 



(3-*-i) t Q(-i)-/p-r- /;;-;:';^ = ± (;)(-i)%-v- e --/' 



where 






By picking up fp-\ or f-p-x ^" from /^, we see 

r=0 ^ ^ 

(3.4.2) 

^Tulr]f fp-1 +2^ 2^ Tu[r~ro]f fp-1 

t/p_i=0 

where t/[r] means to increase r the {p — l)-st entry of U. After exchanging the 
sums about r and about U, by writing down Tu^,,] and Tuir~r,,], we have 



Y- /^/p-i" f- (a\ . . .d(r/H)+r-i {«^(^M) + diU[r]) - 2}! 



(3.4.3) ^ 2^2^ \^ I ^ ^^ 



. E Z ^%^ zCm 



^0 = 1 uj{U)=n+ro(p-l) ^ '■='■0 

t/p_i=0 



vd([/[r-ro])+r-l 



{w{U[r - ro]) + d(t/[r - tq]) - 2}! 

Here t^|p-i means the {p — l)-st entry of U by 0, so that 'j^ _^ in the former sum 
means to delete the {p — l)-st part p^p^^Up-i\ of 7^. For each r, note that 



(3-4-4) 






and that, in the later sum, 

(3.4.5) 7^ = (2^1 . . . (p _ i)t/.-2 (p + i)t/. . . . ) . (t/i! ■ ■ • t/p_2!t/p! • ■ ■ ) 

does not contain [p — l)-st part. We denote the first and second sum of (3.4.3) by 
Y^^ and ^2 7 respectively, and denote 

Lfp-i=0 
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Then about Si{U) for such a U that n = w{U), we have 

w{U[r]) + d{U[r]) - 2 = n + (p - l)r + d{U) + r-2 
(3.4.7) =n + pr + d-2 

= (r + t/p_i)p + n - pt/p_i + d{U) - 2. 

Here we note that 



(3.4.8) 



n - pUp-i + d{U) -2={n-{p- l)t/p-i) + {d{U) - Up-i) - 2 

= w{U\p-i)+d{U\p-i)-2. 



About S2{U) for such a t/ that w{U) = n + ro{p — 1), we see 

w{U[r - ro])+d{U[r - tq]) - 2 
(3.4.9) =n + ro{p - 1) + (p - l)(r - ro) + d{U) + (r - tq) - 2 

= (r — ro)p + n + rop + d{U) — ro — 2. 

We divide J2i (resp. ^^2) ^'^^o ^^° parts according to n — pUp-i + d{U) — 2 in 
(3.4.8) (resp. n + r^p + (i(t/) — tq — 2 in (3.4.9)) is ^ ap or < ap, and denote 
the sum as Xli + Xli (resp. Yli2^Yli2)- Here we pay attention in (3.4.8) that 
n — pUp-i + d{U) — 2 > because of n ^ mod {p — 1). 
(a) For the sum Yli^ since n — pUp-i + d{U) — 2 ^ ap, we have 



ordp(5i(t/)) ^ -ordp(7y|^_J+ordp((?i-pt/p_i+rf-2)!) 



(3.4.10) 



> 



> 



n-pUp-i +d{U) -2 



2p 



ap 

.2p. 
a 

2 



by 3.2.1 (1) and 3.3.1. 

(b) For the sum ^^, by denoting N = n — pUp-i + d{U) — 2 and A^ = ph + e 
(0 ^ e < p), we see h < a because < n — pUp-i + d{U) — 2 < ap. Therefore, by 
3.3.1, we have 



(3.4.11) 



ordp(A^!) -ordp(7y|^_J 

= ordp((«;(t/|p_i) + rf(t/|p_i: 
= ordp(r^i^_J 



-2)!^ 



ordp(7yi^_^; 



> 



yN/{2p)\. 
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This and 3.2.1 (1) give 



OYdp{Si{U)) ^a- 

N 



N 
p. 



+ ordp{m)- 



a - [N/p\ 



> 



(3.4.12) 



2p 
b 



+ a — 
+ a — b 



N 
p 



p 

a - [N/p\ 
p 



ordp(7^i^_J 



a — b 



p 



>[-2~' 



b + a 



a — b 
p 

_ ^ g {a-b){p-2) 
2 2p 

As the initial side is an integer, it must be ^ L'^/2J. Hence ordp(^j^) ^ L'^/2J. We 
can prove ordp{J22) = 1*^/2] by using 3.2.1 (2) instead of 3.2.1 (1). About such the 
proof, we should keep in mind that, for the case n + r^p + d{U) — ro — 2 ^ ap in 
(3.4.9), in order to use 3.2.1 (2), it must be n + r^p + diU) — tq — 2 ^ r^p. However, 
since d{U) ^ 1, this condition is satisfied if n + r^p + 1 — tq — 2 ^ tqp, namely 
n — ro — 1 ^ 0. The latest condition follows from our assumption n > a for all 
ro = 1, ■ ■ ■ , a. D 

Remark 3.4.13. If we replace the condition a < n in 3.1.1 by a = n, the Kummer 
type congruence relation for the generalized BernouUi-Hurwitz numbers described 
below stands up modulo p'^~^ and this modulus is best possible. This fact means 
that the condition a < n is essential, because the generalized BernouUi-Hurwitz 
numbers are specialization of the universal Bernoulli numbers. 
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3.5. The Kummer-Adelberg type congruence relation. We prove the con- 
gruence relation 3.1.3 of Adelberg by using 3.1.1 and 3.1.2(1). 

Proof of 3.1.3. We note that if p = 3, the condition n 7^ 0, 1 mod {p — 1) is always 
false and the statement of 3.1.3 is vacuous. So that, we may suppose p ^ 5. We 
prove the congruence relation by induction on a. As we already mentioned the case 
a = 1 in 3.1.2 (1), and assume a > 1. By taking p"-~^ as a in 3.1.1, we see 

0-1 
(3.5.1) y(-l)-f^""'Vp-i"""'"^ Bn+r(P-i) modpLP^'-Vsj. 

Here, we have [p"'~^ /2\ > a since a ^ 2 and p ^ 5. If r 7^ 0, p"'~^, then 
ordr 



p"-^\ _ Spip""-^ -r)+ Sp{r) - Spip''-^] 



^ ' ^ ' ,a — 1 



^ r J p — 1 

_ Sp{p''-'-r)+Sp{r)-l 



p — 1 
by (1.1.2). We denote ly = ord^r. Let 

p«-i - r = rf„_2p"-2 + da-sp"-"^ + --- + dip + do (O^dj^p-l)., 
r = ha-2P'"~'^ + ha-^p"'^ + --- + hip + ho (O^hj^p-l) 

be their p base digit expressions. Then, obviously, 

p-1, (a-2^j^z/ + l), 
(3.5.3) dj + hj = { p, (j = z/), 

0, (z/-l^j^O). 



Namely, 5'p(p°' ""^ — r) +5'p(r) = (p — 1) (a — 2 — z/) +p. Thus ordp(^ )=a — 1 — z/. 
Keeping in mind that p is an odd number, and consider the sums 

P""^\ , p— i-r S^+r(p-l) 



(-irr, /. 



\ r / n + r(» — 1) 

(3.5.4) ^ ^ Vi^ ; 



/p-i 



(-1)-" -M 5"^ Vp-l^ 5n+(p^-.-.)(,-l) 



pa 1 _ J. J j^ _j_ l^pa 1 _ j^^ (^p _ ]^^ 

for ^ r ^ (p"~^ — 1)/2. Summing up the consideration above, and the assumption 
of induction applied to z/ = ordpr = ordp(p"~^ ~ f), we see that (3.5.4) is divisible 
byp". Hence 3.1.3. D 
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4 Hyperelliptic functions 

4.1. Fundamentals. We consider a hyperellptic curve C of genus ^r. We assume 
C is defined by y'^ = /(x), where 

fix) = XoX^'+^ + XiX^' + ■■■ + X2g+1 

is a polynomial of x over C, and f{x) = has no multiple roots. We set Aq = 1 for 
our convenience. The curve C is regarded as a non-singular algebraic curve with 
unique point oo at infinity. As is well-known, the set of 

nr'J ^ n-y 

(4.1.1) — ij = l,...,gj 

forms a basis of the differential forms of the first kind on C. Let [uj' uj"] be the 
period matrix defined by taking a suitable set of generators of the fundamental 
group of C, and let 

A:=c^'*[Z Z ■•■ Z]+w"*[Z Z ■■■ Z](CC3) 

be the lattice in C^ with respect to the differentials (4.1.1). We denote by J the 
jacobian variety of C, and by Sym^(C) the symmetric product of g copies of C. 
Then we have a birational map 

Sym»(C) ^Pic°(C) = J 
(Pi, . . . , Pg) \-^ the class of Pi + ■■■ + Pg — g ■ oo. 

We identify J as analytic manifolds with C^. We denote the natural map C^ i-^ 
C3/A = Jhj K. The map 

I. : Q \-^ Q — oo 

is an embedding of C into J. The pull-back k~^l{C) of l with respect to k is a 
universal Abelian covering of the curve C. In analytic level, the birational map 
above sends the each element (Pi, ■ ■ ■ , Pg) G Sym^(C) to the point u mod A G 
C^/A, where 

(4.1.2) U={Ul,... ,Ug)= I +■■■+ jiiVl, ... , iVg). 

The following notational convention is important. 



Convention : In this paper, we denote Ug simply by u. 



22 



4.2. The hyperelliptic functions and their variable. In this paper, for each 
point u G K~^i{C) we denote by 

{x{u), y{u)) 

the coordinate (x, y) of C such that k{u) = i{x{u), y{u)). We call a rational ex- 
pression of a;(u) and y{u) hyperelliptic function regarding as a function on K~^i{C). 
We confirm the following fundamental fact. 



Lemma 4.2.1. 


Low degree terms of the 


Laurent developments of x{u) 


and 


?/N 


at u = 


(0,- 


■ ■ , 0) with respect to u = 


Ug is given by 








x{u) 


1 


+ {d°{u)^0), y{u) = 


-„.'+.+ (""M^ 


-2g + l). 





Proof We take t = —= as a local parameter at oo. Here we consider the brunch 

'X 



such that t > for a; > 0. We suppose that u G k,~^l{C) is sufficiently near to 
(0,0,... ,0), and that the three kinds of coordinates t, u = (ui,... ,Ug), {x,y) 
correspond to the same point of C. Then 

U = Ur. 



"g 



H^.{-^)dt 



:/ \/l , =-t + {d°{t)>2). 



Thus x{u) = -^ + {d°{u) ^ — !)• The similar fact is shown for y{u). By the defi- 
nition, we see x{—u) = x{u), y{—u) = —y{u) The proof have been completed. D 

The following properties are shown by the similar argument and omit their 
proofs. 



Lemma 4.2.2. Let u = (wi, U2, ■ ■ ■ , Ug) he a variable on k ^i{C) . Then 

«i = 2^31%'""' + KK)^ 2(7), 

Ug-l = \Ug^+{d°{Ug) ^4). 



These facts suggest that 



It is natural to take -u = -Ug as the variable for the hyperelliptic functions 
locally near the u = (0, ■ ■ ■ ,0). 
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5 Differential equations 

5.1. Generalities. For the hyperelliptic curve y{u)'^ = /(x(n)) (/ is a separable 
polynomial of degree 2(7 + 1), the definition of u = Ug gives 

(5.1.1) SW-^("'- 

After squaring this, substituting the defining equation above of C into it, we have 

0' = ^- Namely, 




This (5.1.2) is just the analogy of p'{u)^ = 4p{u)^ — g2p{u) — gs in our theory^. 
Now we define the numbers Cn by the Laurent development of x{u) with respect 
to u: 

(5.1.3) a:(i.) = 4 + — + ^ 



n=2 ^ ' 

These Cn are analogy of Bernoulli and Hurwitz numbers. Though the definition 
of Bernoulli and Hurwitz numbers are based on the determination of their 2-parts, 
such the property is a problem in the future for our theory. Of course, the recursion 
relation for Cn is obtained from (5.1.2). For the function y{u), we define also the 
numbers Dn by its Laurent expansion at w = of y(ti) with respect to u: 

5.1.4 2/N = ^7Ti + ^^ + --- + + V 7 ^ TTT- 

.y^g+i y^zg ^ ^_^ j^ j2 — 2fif — 1 ! 

n=2g+l ^ ^ ' 

Since the differential equation for y{u) is given by du = x^~^dx/2y, we also have 
the recursion relation for Dn- 



^Carlitz studied in [Ca4] about the solution of the differential equation (^(u)) = "a degree 
six polynomial of x{uy' {u £ C) instead of p' (u)'^ = 4p{u)^ — g2p{u) — 53. The paper looks like 
not succeeded. 
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5.2. The case of y{uY = x{u)'^3^^ — 1. In this case (5.1.2) i 



IS 



(5.2.1) x{uf^-'^x{uf = 4x'^<^+\u) - 4 ( ' means '^ 



du ' 



This is a generalization of p'{uY = 4:p{u)^ — 1. Here, we describe automorphisms 
of this curve C : y^ = x^^"*"^ — 1 and its Jacobian variety J. Let C = e'^'^^~^'^'^^^^\ 
Then C has automorphisms 

± \C] :C^C, {x, y) ^ iCx, ±y) {j = 0, ■ ■ ■ , 2g) 

They induce automorphisms of Pic° (C) by 

±\C^] :Pi + --- + Pg-goc^ {±\C])Pi + ■■■ + {±\Cn)Pg - goc 

where Pi, ■ ■ ■ , Pg G C; and also give automorphisms of J. From (4.1.1) and (4.1.2), 
we see 

~\C]{U1,U2,--- ,Ug) = {-Cui,-C^U2,--- ,-CUg). 

Namely, 

(5.2.2) xHQu) = Cx{u), yHC]'^) = -vH 

Therefore, if n is not divisible by 2{2g + 1), then Cn = D^ = 0. 



5.3. The case of y{u)'^ = x{u)'^3~^^ — x{u). In this case, (5.1.2) i 



IS 




This is a generalization of p'(w)^ = 4p{u)^ — 4:p{u). We describe automorphisms 
of this curve C : y"^ = a;^^+^ — x and its Jacobian J. Let ( = e^^^'^"^/^^^). Then C 
has sutomorphisms 

\C]:C^C, {x,y)^{e^x,Cy) {j=0,---,2g). 

They induce automorphisms of Pic° (C) by 

±\C] : Pi + ■ • ■ + P, - (700 ^ {±\C])Pl +■■■ + {±\C])Pg - goo 

where Pi, ■ ■ ■ , Pg EC; and also give automorphisms of J. From (4.1.1) and (4.1.2), 
we see 



[CI (wi, W2, ■■■ ,Ug) = (Cwi, C^U2, • ■ ■ , C 



2g-l 



u 



g)- 



Namely, 

(5.3.2) x{\C\u) = ex{u), y{\Qu) = Cy{u). 

Therefore if n is coprime to Ag, then Cn = D„, = 0. 
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6 The Clarke type theorem 

6.1. The case of y{u)'^ = x{u)'^^~^^ — 1. In this case the Clarke type theorems 
for C(4g_|_2)n and -D(4g+2)n are stated as follows: 



Theorem 6.1.1. For each numbers C(4g+2)n o'^^ -D(4c,+2)n defined in (5.1.3) 
and (5.1.4), respectively, for the curve y'^ = x^^~^^ — 1, we have 

C(4g+2)n _ V- a\p~^ Hiod p^+^'^p'^ ^ 

—r ^ = — > —^ 1- — ^ A„ mod Z, 

p=l mod (2g+l) 
(4g+2)n=a(p-l) 

{4g + 2)n ^-^ pi+ordpa p 

p=l mod (2g+l) 
(4g+2)n=a(p-l) 

«;/iereA„=(-l)(p-i)/(4«+2).f^ ^^~}}''^ \. 



Obviously, these results show the following von Staudt-Clause type theorem and 
an extension of von Staudt second theorem for C(4g+2)n and -D(4g+2)n- 



Corollary 6.1.2. (1) For each numbers C(4g_|_2)n o.nd L>(4g_|_2)n7 there are 
integers G(4g+2)n Q'^^^ -f^(4g+2)n such that 

^ (4s+2)n/(p-l) 

C(4g+2)n = ^^ ' " + ^(4^+2)71, 

p=l mod (2g+l) 
p-l|(4g+2)n 

_ ^ ((2^)!-imodp)A/^^+^W(^-^) 

^(4g+2)n - 2^ + ^(4g+2)n, 

p=l mod (2g+l) 
p-l|(4g+2)n 

where Ap is the same one defined in 6.1.1. 

(2) If{p-l))({4g + 2)n, then C(^^g+2)n/{{^9 + '2)n) and D(^^g+2)n/{{'^9 + '2)n) 

belong to Zp. 



Proof. Let p = 1 mod {2g + 1), {4g + 2)m = a{p — 1), and ordptt = u. Then 

(4(7 + 2)m- (a|p"'modpi+") 1 

^— = 1 mod p Z 

pL+u p 



and 

(45f + 2)m- (a|p"^modp^+'') _ 1 



pi+i' p 



mod Z. 



This yields the results. D 
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6.2. The case of y{u)'^ = x{u)'^3^^ — x{u). In this case, the Clarke type theorem 
for C^gn and D^g^ are stated as follows: 



Theorem 6.2.1. For each numbers C4gn and D^gn defined in (5.1.3) and 
(5.1.4), respectively, for the curve y^ = x^^^^ — x, we have 

C^gn _ sr-^ a\p~ mod pi+oi'dp" 



Ea\p mod p^^-^'^p"' 
rgl+oidpa P 



4gn ^-^ p 

p=l mod 4(7 
4gn=a(p— 1) 



where Ap 



R^^_ ^ ((2^)!a)|p-^ modp^+°'--^^" ^^ , ^^^ ^ 

p=l mod 4g 
4gn=a(p— 1) 

(_l)(p-l)/(4g) . f (P-l)/2 Y 



(p-l)/(4<7)y' 



These results also shows the following von St and t- Clausen type theorem and an 
extension of von Staudt second theorem for C^gn and D^gn- 



Corollary 6.2.2. (1) For each numbers C^gn and D^g^, there are integers 
G^gn and H^g^ such that 

J^ 'ign/{p-l) 

G4gn = / ^ + G4grL, 

p=l mod 4(jr 
p-l|4srn 

n _ Y- ((2^)!"^ mod p) A/^-/(^-^) 

p=l mod 4g 
p-l\Agn 

where Ap is the same one defined in 6.2.1. 

(2) // {p - 1) j(Agn, then C4gn/{Agn) and D^gn/iAgn) belong to Zp. 



Proof. Similar to 6.1.2. D 

6.3. A remark on Ap. Let p be a prime number such that p = 1 mod {2g + 1) 
or p = 1 mod Ag according to C is defined by j/^ = a;^^^^ — 1 or y^ = x^^"*"^ — x. 
We take the set of (4.1.1), namely 

1 X x^~^ 

as the basis of the differential forms of the first kind on C mod p. Then the Hasse- 
Witt matrix {g x g matrix) with respect to this basis is a diagonal matrix ([Yu, 
p. 381]), and its {g,g)-entrj is just the number Ap. Katz pointed out in the case of 
Hurwitz numbers that Ap is equal to the Hasse invariant (the unique entry of the 
Hasse-Witt matrix!) [Ka, p. 2]. Our results are quite natural extension of that fact. 
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I 7 I Kummer type congruence relation 

7.1. The case of y{u)'^ = x{u)'^^~^^ — 1. In this case, the Kummer's original 
type congruence relations for C(4g_|_2)n and -D(4g+2)n are stated as follows: 



Theorem 7.1.1. Let C(4c,+2)n o'^^ -D(4c,+2)n ^c ^he numbers defined in (5.1.3) 
and (5.1.4), respectively, for the curve y"^ = x^^^^ — 1. For a prime p = 1 
mod (2(7 + 1) and positive integers a and n such that {4g + 2)n — 2 ^ a, if 
{p — 1) / (4(7 + 2)n, then we have 



a 



r=0 



^ 1 r) ^-^'^ ■ (4(7 + 2)n + r{p - 1) = ^ ^^^ ^ Z(,), 



r=0 



^^ V ry ^ ^^ (4^; + 2)n + r(p - 1) ^ ^^^ ' 



where 



A _ /_iUp-i)/(4g+2) . /^ (P - l)/2 



These congruence relations are just the same form as in Kummer's original paper 
[Ku] and in the case of Hurwitz numbers [L, p. 193, (26)]. 

Remark 7.1.2. Under the facts (10.1.1), (10.1.2), and (10.1.3) proved later, we 
understand that 7.1.1 is satisfied modulo pL«/2j 

7.2. The case of y{u)'^ = x{u)^^^^ — x{u). In this case, the Kummer's original 
type congruence relations for C4gn and D4gn are stated as follows: 



Theorem 7.2.1. Let C^gn and D^gn he the numbers defined in (5.1.3) and 


(5.1.4), 


respectively, for the curve y^ = x^^^^ — x. For a prime p = 1 mod Ag 


and positive integers a and n such that 4gn — 2 = a, if {p — 1) / 4:gn, then we 


have 






V ^ 'a^ .r,_^ C4gn+r(p-l) „ , arr 

f-'^yrj ^ 4gn + r{p-l) ^^' 




V^ '^ / A \r,-r -04(7n+r(p-l) „ i o rv 

f-'^VJ 4gn + r{p-l) ^^' 


where 


A _/ ^^(p-l)/(45). /^ (p-l)/2 \ 
'~^ ^ \{p-l)/{Ag))- 



These relations are also the same form as in the original [Ku] for the Bernoulli 
numbers and [L, p. 193, (23)] for the Hurwitz numbers. 

Remark 7.2.2. Under the facts (11.1.1), (11.1.2), (11.1.3) proved later, we un- 
derstand that 7.2.1 is satisfied modulo pL^/^J. 
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8 Hurwitz-integral series 

8.1. Definition and basic properties. We describe the notion of Hurwitz 
integrality and its properties. In this subsection the letter R always means a subring 
of the field Qp of the p-adic numbers for a fixed prime p. In our practice, R will be 
Z[-] with non-zero integer q, the localization Z^p) of the integer ring Z at p, or its 
p-adic completion Zp. 



Definition 8.1.1. Let z be an indeterminate or a variable. Let 

°° z^ 
K^) = X] hn— ( /in e Q? 



ni '^ 

n=0 



be a power series with respect io z. If all the coefficients hn belong to R, 
then we say h{z) is Hurwitz integral over R. The ring consists of the Hurwitz- 
integral series over R with respect to z is denoted by R{{z)). 



It is easily seen that R{{z)) is an integral domain, and is closed under the operations 
d/dz and f^ ■ dz. A series h{z) G R{{z)) is a unit in R{{z)) if and only if its constant 
term is a unit in R. Moreover the following properties are easily shown (see [Hu2, 
Section 1]). 



Proposition 8.1.2. Let 










Hz) 


oo 
n=0 


z^ 

n , ( /in e Qp )• 




(1) If the first n coefficients ho, ■■■, 


hn-1 belong to R, and there is a polynomial 


i^(To,Ti,--- 


,T„_i) of n variables 


over R such that there exists a relation 




h^^\z) -- 


= F{h{z),h'{z),---,h^-'\z)) 




on derivatives ofh{z), then 


h{z) e 


R{{z)). 




{2)lfh{z)e 


R{{z)), ho = 0, 


and hi 


= 1, then the formal inverse series 






z = h~ 


^{w) = w + ■ ■ ■ 




of w = h{z) 


also belongs to R{{z)). 






(3) If Hz) e 


R{{z)), ho = 0, 


and hi 


= 1, then for any positive 
hiz)"^ 


integer m, 


also belongs 


toR{{z)). 









Although there are so many criteria for Hurwitz integrality, they will be complicated 
to state. See 8.3 for example. 
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8.2. Hurwitz-integrality of x{uy/'^. Here, we check the following fact. 



Proposition 8.2.1. On the curve y^ = x'^^^'^ — 1 or y'^ = x^^^^ —x, we have 
t:=-l/x(u)V2 ( =^ + ... ) ez((w)). 



Proof. For simplicity, we restrict the argument within only the curve y'^ = x^ — 1. 
We denote simply t' = dt/du, t" = d'^t/du^ , ■ • • . By (5.2.1), we see 

(8.2.2) {t'f = l-t^^. 
After differentiating this by u, dividing by 2t', we have 

(8.2.3) t" = -5t^ 
Since t(0) = t'(0) = 0, 8.1.2 (1) yields that 



w" 



(8.2.4) l/x^/^{u) = -zx + 5 ■ 9! ^ + ■ ■ ■ G Z{{u)) 

for the curve y^ = x^ — 1. D 

8.3. Hurwitz-integrality of l/y^'^(u). We also show the following fact. 



Proposition 8.3.1. On the curve y^ = x"^^^^ — 1 or y"^ = x"^^^^ — x, we have 
s:=-l/y{u)^^^^'+^\=u + ---) G Z{{u)). 



Proof. We restrict again the argument within only the curve y^ = x^ — 1. By 
(5.1.1), we see that 



^.3.2) du 



xdx ^ihj^y xdy xdy dy dy 



2y 2y 2y^ 5^4 5^3 5(y2 + l)3/£ 



dx 

and 

(8.3.3) ^ = 5(y2 + if/^D 

du 

Writing simply s' = ds/du, s" = d'^s/du'^, ■■■, we have dy/du = ~5s~^ds/du. 
Hence 

(8.3.4) s' = -(l + s^°)3/^ 

This formula gives the following equation by induction: For each integer n ^ 1, the 
n-th derivative of s is written as a finite sum of the form 



^'), 



(8.3.5) s'"' = ^(1 + s^°)^"^/^Pn,(s, s', s", ■■■ , s'"-^' 

where each P^j means a polynomial of n variables over Z, and L^j is an integer. 
Summing up this and s(0) = 0, we see that s'(0), s"(0), s^^'(O), ■ ■ ■ are all integers. 
Therefore we conclude that 

(8.3.6) l/y(w)'/' = -u-A8-9\^ + ---e Z{{u)) 

for the curve y'^ = x^ — 1. D 
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9 Outline of the proof 



We sketch the proofs of 6.1.1 and 7.1.1 (also of 6.2.1 and 7.2.1) by taking the case 
of the curve y'^ = x^ — 1 as an example. Recall our convention that, for a given 
power series ip{z) with respect to z, each coefficient [f^jjvl^) ( n ^ ) is called 
a Hurwitz coefficient of it. In the following, any Hurwitz coefficients are those of 
developments with respect to u. 

9.1. The Clarke type theorem. The proof of Clarke type theorem 6.1.1 is 
divided into the following three steps. 



Step 1. We prove the Clarke type theorem for the Hurwitz coefficients Cn/n 
oix{u) and C4"V(^)4 of x^{u) = (l/t)^ over Z[\]. 

Step 2. We prove the Clarke type theorem for the Hurwitz coefficients D^jn 
of y{u) over Z[i]. 

Step 3 . We make a connection of the results above. By using simple formulae 
concerning D = d/du among the functions x{u), x'^{u), y{u), we can connect 
the Hurwitz coefficients of these functions, and show both of the results in 
Steps 1 and 2 are valid over Z = Z[i] fl Z[i]. 



More detailed outline is as follows. 

Step 1: We prove the Clarke type theorem (10.1.7) for the Hurwitz coefficients 

CiOm/(10m) ofx^/^{u) over Z[i]. Then we show 

a relation (10.2.4) between the Hurwitz coefficients of x{u) and of x^/^(w), 
a relation (10.3.4) between the Hurwitz coefficients of x^''^{u) and of x(w), 
a relation (10.4.4) between the Hurwitz coefficients of x'^{u) and of x^''^{u). 

These relations yield the Clarke type theorems for these Hurwitz coefficients over 
Z[i] by using the integrality property (10.1.3) of the Carlitz coefficients (see the 
Convention) of the formal inverse series u with respect to t = x~^''^{u). 

The Clarke type theorem above for the Hurwitz coefficients ofx'^{u) = (^x^''^{ufj 
(namely, (10.5.3)) is important in Step 3. 

Step 2: In 11.1, we prove the Clarke type theorem (11.1.7) for the Hurwitz numbers 
-D^Q^/(10m)4 of y^/^(u) by using the integrality (11.1.3) of the Carlitz coefficients 
of the formal inverse series u with respect to s = y~^'^{u). On the other hand, we 
show that 

a relation (11.2.4) between the Hurwitz coefficients of y'^'^{u) and of y^'^(w), 
a relation (11.3.4) between the Hurwitz coefficients of y'^'^iu) and of y'^'^{u)^ 
a relation (11.4.4) between the Hurwitz coefficients of y'^'^{u) and of y'^'^{u)^ 
a relation (11.5.4) between the Hurwitz coefficients of y{u) and of y^'^{u). 

Summing up these relations, we can connect the Hurwitz coefficients iI>iom/(10TO) 
oiy{u) = [y^/^{u)f to L'[o'^/(10m) (see (11.6.1) and (11.6.2)). Therefore we have 
the Clarke type theorem (11.6.3) for iI>iom/(10?Ti) over Z[i], and finish the Step 2. 
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Step 3: Let D = d/du. We can show by using 

{Dx^){u) =4y(n) 

that -Diom and C{q^ are essentiaUy the same numbers. Since iI>iom/(10?Ti) G Z(2), 
the denominator of C{Q'^/(10m)4 contains neither a power of 2 nor of 5. Hence, we 
have the Clarke type theorem (12.1.4) for iI>iom/(10m) over Z, namely the second 
formula in 6.1.1. Finally, the formula 

A 

D'^x{u) =Qx^{u) + 



x'^{u) 

with D = d/du = {2y/x)d/dx, and the Hurwitz-integrality (8.2.4) of l/x^{u) con- 
nect C{om/(10"^)4 with Ciom,/(10TO). So that we have the desired Clarke type 
theorem for Ciom/(10m), namely the first formula in 6.1.1. 

Incidentally, Prof. T.Oda pointed out the method used frequently in the proof 
above, that is a method to compare the Hurwitz coefficients of two different power 
of a given power series with the Carlitz coefficients of the formal inverse series of 
it, is a variant of Lagrange inversion formula 1.2.1. The reader who is interested in 
such the method is referred to [W, pp. 128-133] (Lagrange-Biirmann theorem) or 
[Co, pp.148-153]. 

There is also a congruence in [Adl, Theorem 3.4] linking through various order 
universal Bernoulli numbers, namely the universal case of Hurwitz coefficients of 
various powers of l/t('u) with respect to u. While the author believe it would closely 
relate to our method, he could not use it. 
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9.2. The Kummer type congruence relation. Let p = 1 mod 5 be a fixed 
prime number. Alttiougti we describe only about Ciom, the theorem for -Diom is 
proved similarly. The outline of the proof is as follows. 

Step 1 : We show that the formal inverse series u{t) E Zp((t)) of tt i-^ t = x{u)~^''^ 
satisfies the Honda's criterion (13.1.10) (see (13.1.10)). This fact implies the formal 
group law F whose formal logarithm is u{t), namely 

F(ti,t2) := u-\u{ti) + u{t2)) 

is defined over Zp (see 13.1.1). 

Step 2 : By using Hochshilt's formula and Honda's property (13.1.10), we see that 

(9-2.1) {{£Y - A,£)t{u) e pZMn)]] 

for t = t{u) = x{u)-^/^ e Zp((w)), in 13.2. 

Step 3: Let ^ G Zp be a primitive {p — l)-st root of 1. The multiplication by ^ 

F^{t) := u-\^u{t)) = C + ■ ■ ■ . 

determined from F belongs to ^t + t^Zp[[t]] by the results in the Step 1. Now we 
use the notation x{u) = x{u) G :^ + QpiM] in order to avoid confusion. Thanks 
to the existence of such F^{t), we can easily show that 

(9.2.2) x{u{t))-ex{Cu{t))eZp[[t]]. 
Adding (9.2.1) and (9.2.2), we have, for any integer a > 0, that 

(9.2.3) {{£Y-A,£y{x{u{t))-ex{^uit)))ep'^Z,[[t]]cp^Z,{{u)). 

The coefficient of w^*^'^~"~^/(10n — a — 2)! is just the left hand side of the first 
formula in 7.1.1, and the poof is completed. 

We mention here that the Kummer type congruence relations for C{'q^ and -D^'q^ 
without the division by 10m are proved in 14.1. 
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10 The Clarke type theorem on x{u) over Z[i] 



10.1. The Clarke type theorem on x(uY''^. Let us consider the formal inverse 



series of u ^-^ A/ic(w), namely the power series u with respect to 

-1 



t 



x^^iu)' 



That is 



U = 



oo 2?/ 

t J_ ( 2dt\ 



2,/^-l 



-* 1 

-.dt 



VT^t^ 

t / oo / 1~ 



oo /_i~ 

m=l ^ 






10m + 1 



For convenience of quotation, we write again this; 



°o ^ 1\ +10m+l 



(10.1.1) U = t^ ^ V_1^-/ 2 ' t 



Tn=l ^ 



m J 10m + 1 
We denote the Carlitz coefficients by 

(10.1.2) /,o^ = (_!)-/"- 2 

\ m 

This notation corresponds to that in the definition of the universal Bernoulli num- 
bers. By 1.3.1 and (1.3.2), we see that 

(10.1.3) flOm G Z[i]. 

The other coefficients fn are 0. Then the divided universal Bernoulli number 
-Biom/(10?B) is specialized to C{Q^/(10m), and the expression of 2.2.5 yields that 

(10.1.4) ^^ G 3!Z[i] 

10m 

as follows. To prove this, we apply 3.3.1 for p = 2 and p = 3. Since /2-1 = and 
fs-i = in this case, we may consider only the partitions U such that U2-1 = 
Us-i = 0. Here, as 

w{U) = 10m ^ 10, d{U) ^ 1 
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we see 

ord2(r,) ^ L^^^^J = 2, ord3(r,) ^ [^^^^J = 1- 

Hence, in the expression of 2.2.5 for C{Q^/(10m), all its coefficients are divisible by 
3!. Adding to (10.1.3), we conclude (10.1.4). 

If p = 10m + 1 is a prime number, then the coefficient fp-i of t^^^~^^ / {10m + 1) 
modulo p coincide with (2, 2)-entry of the Hasse-Witt matrix with respect to our 
canonical base of the differential of the first kind on the curve C of reduction modulo 
p, namely 

(10.1.5) f^_,^{-i)iv-i)/iof^\^j^^ ^^^p 

^ 10 ^ 

For this, see 18.1. 

Under the consideration above, we apply the Clarke's theorem 2.3.1 for the 
function u ^-^ x{u)^''^. Let 

oo ^(1) lOm-1 

(10.1.6) ^ - ^ ^i°- ""' 



t ^ 10m (10m -1)! 

m=0 ^ ' 



Proposition 


2.3.1 and 


(10.1 


•4) 


show that 








(10.1.7) 


1 r^') 

3! 10m 


^ V- (3!a)|p 

p=l mod 5 
10m=a(p—l) 


„l+ordpa 


2 

A " 


+ ziil. 



35 



10.2. Relation between coefficients of a;(w)^/^ and of x{u). For the curve 
y'^ — x^ — 1 and 



X 



(u)l/2 



we let 

1 1 °o „(2) „,10m-2 

(10.2.1) ^ = x(u) = A,y p^-^ -, 

^ ' t^ ^ ' V? ^ 10m 2 10m -2 ! 



Then 



(10.2.2) 



u f oo ^(2) ^,10m-2 



t2 w2y y^ \^^^ (io?ri)2 (lOm-2)' ' 

°° r'Ca) „,10m-l 



^ (10m)2 (10m -1)! 

On the other hand, after differentiating (10.1.1) with respect to u, dividing by t 
we have 

m=l ^ ^ 

Namely, 

r (i _ Jj) ,„, . p + f; ,_i)™M) i!!!liV i. 

io V^^ u^J \ t ^^ ' \mj lOm-lJ u 

By equating this with (10.2.2) and by using (10.1.6), we see that 

r'f^) „,10m-l 



E 



-'^ (10m)2 (10m -1)! 






r'(i) „,10m-l °° / 1\ flOm-1 \ 1 

^ 10m (10m -1)! ^r ' \m IQm-lj u 

m=U m=l ^ ' / 



Since Cq = 1, we can remove the terms of negative degree, and we have 

°° /^(l) „,10m-l °° r'(2) „,10m-l °° / 1\ +10m-l 



^^ 10m (lOm-1)! ^^ (10m)2 (10m - 1)! ^^ ' \m IQm-l 

m=l Tn=l ^ ' ^ ' 771=1 ' 

The right hand side of this belongs to Z[^]{{u)) because of 1.3.1, 8.1.2 (3), and 
(8.2.4). Adding this with (10.1.3), we see that 

(10.2.4) ^ + ^^ e (10.1-2)!Z[i] c 3!Z[i]. 
As Ciom/(10m) = CiQj^/{10m)2 by the definition, we have 

(10.2.5) ^i^e_^lok + 3!z[il 
^ ^ 10m 10m ^2J 

by (10.2.4). 

We remark that we can conclude the Clarke type theorem for Ciom over Z[i] by 

(10.2.5) above and (10.1.7). We need, however, in order to prove the Clarke type 

theorem over Z to take a rather long way mentioned in 9.1. 
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10.3. Relation between coefficients of x{u) and of x{u)^/'^. We prove here 
a relation of Hurwitz coefficients of x{u) and of x^''^{u) for the curve y'^ = x^ — 1. 
For 



x{uy/ 



1 

(=« + •■■), 



we consider 



1 = -x^n) 

(10.3.1) oo „(3) lOm-3 

, (10m)3 (10m -3)! ^ ° ^' 

We have 



(10.3.2) 



1(3) ,,10m-3 



°° /^{3) „,10m-2 



^ (10m)3 (10m -2) 

1=1 



On the other hand, after differentiating (10.1.1) with respect to u, dividing by t 
we have 

(10.3.3) ^4| + f;,-ir(-j),--,|. 

m=l ^ ' 



Namely, 



t3 u^J I 2t2 + ^/ ' V m JlOm-3 j ^2^2^ 



m,=l 



By equating this with (10.3.2) and by using (10.2.1), we see that 

°° r^(3) ,,10m-2 



:'^ (10m)3 (10m - 2) 



-, oo „(2) „,10m-2 °° / 1\ +10m-2 \ i i 

2^^ (10m)2 (lOm-2)! ^^^ ' \m) 10m-2j 2u^' 



Since Cq = 1, we can remove the terms of negative degree, and we have 

°° /^(2) ^,10m-2 °° 0,^(3) ^,10m-2 °° / 1\ +10m-2 

^^^ (10m)2 (lOm-2)! ^^ (10m)3 (10m - 2)! ^^^ ' \m)l0m-2' 

The right hand side belongs to Z[^]((w)) because of 1.3.1, 8.1.2 (3), and (8.2.4). 
Adding this with (10.1.3), we see that 

fi(2) 2C^^^ 
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10.4. Relation between coefficients of x{u)'^/'^ and of x{uY. We prove 
here a relation of Hurwitz coefficients of x{u)^''^ and of x'^{u) for y"^ = x^ — 1. For 



a:(M)V^ 



(=« + ■•■), 



we consider 



(10.4.1) oo ^(4) 



Then 



(10.4.2) 



^(4) ,,10m-4 

^^^(10m)4(10m-4)! ^ '^ ^• 



t4 zx^; io 1^^, (10m)4(10m-4)! / 

°" r'C*) ,,10m-3 



E 



-'^ (10m)4(10m-3)! 

On the other hand, after differentiating (10.1.1) with respect to u, dividing by t 
we have 



m=l ^ ' 



.lOm-4 "^ 



du 
Namely, 

By equating this with (10.4.2) and by using (10.3.1), we see that 

°° r'C*) .,10m-3 

^^^ (10m)4 (10m -3)! 

1 oo ^(3) ,,10m-3 °° / 1\ +10m-3 \ i i 

3^^ (10m)3 (lOm-3)! ^^ ' \m J 10m -3 J 3 u^ 



Since Cq = 1, we can remove the terms of negative degree, and we have 

°° /^(3) ,,10m-3 °° Q,^(4) ,,10m-3 °° / 1\ +10m-3 

(10m)3 (lOm-3)! ^ (10m)4 (10m - 3)! ^^ ^ 1^7 10m -3' 

m=l ^ ' ^ ' 771=1 ^ ' ^ ' m=l ^ ' 

The right hand side belongs to Z[i]((w)) because of 1.3.1, 8.1.2 (3), and (8.2.4). 
Adding this with (10.1.3), we see that 
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10.5. The Clarke type theorem on x{u)'^ over Z[i]. We summarize the 
results which obtained in this Section. The results (10.2.4), (10.3.4), and (10.4.4) 
show that 

(10.5.1) hliOm^giJ-LOm 3,2rii_ 
^ ' 10m (10m)4 ^2^ 

So that 

1 ^(1) ^(4) 

(10.5.2) _LhliOzii + ^liOr^eZ[i]. 
^ ^ 3! 10m (10m)4 ^^^ 

This and 10.1.7 yield that 



(1053) ^i^e - V ((3!a)l."^mod/+°-'^." 

p=l mod 5 
10Tn=a(p— 1) 



Especially, we see that 



<^°'^-^' (15^ "= ^ 



(5)- 
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I 11 1 The Clarke type theorem on y{u) over Z[i] 

11.1. The Clarke type theorem on y^'^{u). Being parallel to the Section 
10, we consider the formal inverse series of w i-^ ui'f^) ■ Let 

y{u) = -l/s\ 



Then 



xdx r^ X dx [^ ^ A [^ ^ A 

'oo 2?/ J^ 2y dy J^ 5x^ J^ 5x^ 



y -\ /"s 5(^ 



-dy 



6 



5(y2 + 1)3/5 « J^ 5(_1^ + 1)3/5 

1 



-ds 



(l + sl0)3/5- 

1 - -^-s^'' + ^^^s''' - ^^^^s''" + ■■■ ]ds 

s / °o / 3^ 



\ 1!5 2! 5 5 3!55 5 



oo 



m=l 



°" /_3\ „10m+l 
5 * * 



, m / lOrM + 1 

m=l 



For convenience of quotation, we rewrite this: 

oo 

(11.1.1) u^s+Y^ 



3\ „10m+l 
5 ^ * 



(11.1.2) / 



10m 



. m J 10m + 1 
We denote each the Carlitz coefficient of this by 

_3 

5 

^ m 
By 1.3.1 and (1.3.2), we see that 

(11.1.3) flOm G Z[i]. 

The other coefficients /„ are 0. Here we are regarding each the coefficient as a 
specialization of fj of the Subsection 2.1. Then the divided universal Bernoulli 
number Biom/ilOm) is specialized to D[o^/(10m). We claim that 

r,(i) 

(11.1.4) -^^ G 4!Z[i]. 
^ ' 10m ^^^ 

To prove this, we apply 3.3.1 for p = 2 and p = 3. In this case, as /2-1 = and 
fs-i = 0, we may consider only the partitions U such that U2-1 = t/3-1 = 0. If 
m = 1, then Dl'^^/lO = (3/5)(9!/ll) = 2^3^7/11 is divisible by 4!. If m ^ 2, then 
because of 

w{U) = 10m ^ 20, d{U) ^ 1 
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we have 

ord2(r,) ^ L^^^^J = 4C ord3(r,) ^ [^^^^J = 3- 

Hence, thanks to the expression in 2.2.5, aU the coefficients D\2^/{10m) are divis- 
ible by 4!. This and (11.1.3) yield (11.1.4). 

If p = 10m + 1 is a prime number, then the coefficient fp-i coincides with (2, 2)- 
entry of the Hasse-Witt matrix with respect to the natural basis of the differential 
forms of the first kind on C of reduction modulo p: 

(11.1.5) fp-i = - (^) = Ap mod p. 

^ 10 ^ 

See also 18.1. 

Under the consideration above, by applying Clarke's theorem 2.3.1 to the Laurent 
development of the function u t-^ —y{u)^'^ at -u = 0, namely to 

1 °° „,10m-l 

(11.1.6) ] = y: D^i^ 



s ^ ^""^ (10m)! 

m=0 ^ ' 



we have 



.^^^7^ 1 MoU ^ v- (4!a)|,-Vod p^+°'-'^^- , , 

p=l mod 5 
10m=a(p— 1) 
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11.2. Relation between coefficients of y(u)^/^ and of y(u)^/^. We prove 
here a relation between the Hurwitz coefficients of y'^'^{u) and of y{uY'^ for y"^ = 
x^ - 1. 



y(n)i/5 



(=« + ■■■), 



we let 



1 .— -, n^-'' ^.Wm--Z 



Then 



(11.2.2) 



1 1 \ /-M / oo „(2) ,,10m-2 

s2 w2y y^ l^^ (10m)2 (lOm-2)! / 



= E 



°° n(2) „,10m-l 



-'^ (10m)2 (10m -1)! 

On the other hand, after differentiating (11.1.1) with respect to u, dividing by s^ 
we have 

(11.2.3) 1 1 ^ + f HVio„.-._''^ 



s^ s^ du -^ \ m J du 



Namely, 



°° ^ 3\ ^lOm-1 



By equating this with (11.2.2), and by using (11.1.6), we see that 

°° n(2) ,,10m-l 



E 






'^ (10m)2 (10m - i; 



— D*^' .ylOm-l °o /— -^X slO"i-l \ 1 



"^ n(i) „,iOm-i "^ / a\ 

^^ 10m (10m -1)! ^\mj 



„ , -,. , , m y 10m — 1 / w 

m=0 m,=l 



Since Dq = 1, we can remove the terms of negative degree, and we have 



CO 



lOmClOm-D! ^ (lOm), (lOm - 1)! ^ 



^^ 10m (lOm-1)! ^^ (10m)2 (10m - 1)! ^^\mjl0m-l' 

The right hand side belongs to Z[^]{{u)) because of 8.1.2 (3) and (8.3.6). Adding 
this with (11.1.3), we conclude that 

r,(i) r,(2) 

(11.2.4) -^ + —^^ G (10-l-2)!Z[i] c 4!Z[i]. 

^ ^ 10m (10m)2 ^ ^ 
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11.3. Relation between coefficients of y{u)'^/^ and of y{u)^/^. We prove 
here a relation between the Hurwitz coefficients of y'^'^{u) and of y{uY'^ for y"^ = 



x^ -I. 


For 




'-yiuyi^ ^"^^■■■^' 


we let 








(11.3.1) 




1 


^^ ^ A.^(10m)3(10m-3)! 


Then 









(3) 



(11.3.2) 



iD\; 



s3 #; Jo \^^^ (10m)3 (lOm-2)' ' 

°° n(3) ^,10m-2 



^^ (10m)3 (10m - 2) 



On the other hand, after differentiating (11.1.1) with respect to u, dividing by s" 
we have 

("■3.3) 1 i*+f r-^^.""-"^ 



Namely, 










1 1 \ , / 1 1 ^ /-|\ glO— 2 \ 1 1 



"^ u^ I \ 2 s^ ^^ \ m J 10m — 2 / 2 w^ 



Tn=l 



By equating this with (11.3.2), and by using (11.2.1), we see that 



— n(3) „,10m-2 



E 



-^^ (10m)3 (10m -2)! 

1 °° n(2) „,10m-2 °° / 3\ el0"i-2 \ i i 

£ V^ -^lOm ^ , V^ I ~5 ]^ I + - — 

2^^ (10m)2 (lOm-2)! ^^Vwyi0m-2y 2u'^' 

Since Dq^' = 1, we can remove the terms of negative degree, and, by multiplying 2, 
we have 

°° n(2) „,10m-2 °o 9n(3) „,10m-2 °° / 3\ „10m-2 

E ^lOm ^ , V^ ^-^lOm ^ = 2 "^ I ~^ 1^ 
^^^ (10m)2 (lOm-2)! ^^ (10m)3 (10m - 2)! ^^VwyiOm-2' 

The right hand side belongs to Z[^]{{u)) because of 8.1.2 (3) and (8.3.6). This and 

(11.1.3) show that 

r)(2) 2D'^' 

(11.3.4) -7-^^ + '°r e (10-l-3)!Z[i] c 4!Z[i]. 
^ ' (10m)2 (10m)3 ^2 ^^ 
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11.4. Relation between coefficients of y(u)'^/^ and of y{u)'^/^. We prove 
here a relation between the Hurwitz coefficients of y^'^{u) and of y{u)^'^ for y^ = 



x^ -1. 


For 




^".(n)V5 (-- + ■■■)' 


we let 








(11.4.1) 




1 

^4 


^^ ' ^^(10m)4(10m-4)! 


Then 









(4) 



(11.4.2) 



{D^, 



s4 w4y j^ \^^^ (10m)4 (lOm-4)! / 

°° n^-*) „,10m-3 



^ (10m)4 (10m -3)! 



On the other hand, after differentiating (11.1.1) with respect to w, dividing by s^ 
we have 

("■4.3) 1 1 ^ + f r-tV.o™-4* 



Namely, 



s** s^ du ^-^ \ m / du 






n \S^ u^ J 3 s^ 3 u^ ^-^ \ m ) IQm — 3 

u \ / 771=1 ^ ' 

By equating this with (11.4.2), and by using (11.3.1), we see that 

°° r)^^'> ,,10m-3 

^^(10m)4(10m-3)! 

' 1 °° n<3) „,10m-3 °° / 3\ „10m-3 \ i i 

Z± Y^ -^lOm ^ , V^ ~^]- 1 + - — 

3 ^ (10m)3 (lOm-3)! ^\mJ10m-3 3u^' 

V 771=1 ^ ' \ ' 777 = 1 ^ ' / 

Since Dq^' = 1, we can remove the terms of negative degree, and, by multiplying 3, 
we have 

°° n(3) „, 10777-3 °° Qn(4) „,10m-3 °° / 3\ „10777-3 

(10m)3 (10m - 3)! ^ (10m)4 (10m - 3)! ^ \m J 10m - 3 ' 

777=1 ^ ' ^ ' 771=1 ^ ' ^ ' 771=1 ^ ' 

The right hand side of this belongs to Z[i]((ti)) because of 8.1.2 (3) and (8.3.6). 
This and (11.1.3) show that 

r)(3) or)(4) 

(11.4.4) iQ";^ + ^-IOhl e (io.l-4)!Z[i] c 4!Z[i]. 

^ ^ (10m)3 (10m)4 ^ ^ ^^^ ^^^ 
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11.5. Relation between coefficients of y{u)^/^ and of y{u). We prove here 
a relation between the Hurwitz coefficients of y{u) and of y{u)^'^ for y'^ = x^ — 1. 
For 



y{uy/ 



^ (=« + •■■) 



we let 



1 °° n'^) „,10m-5 

(11-5.1) ^ = -yH= y -^li^-^^ -, (M 

s^ ^0 (10m)5(10m-5)! ^ ° 

Then 



(11.5.2) 



(5) 



fl 




f 1 


1 ^ 


du = 


f 

Jo 


/ °° n*'') „,10m-5 

l^^^(10m)5(10m-5)! 










oo 

\ 


7-)(5) lOm-4 



du 



^^ (10m) 5 (10m - 4) 



On the other hand, after differentiating (11.1.1) with respect to -u, dividing by s" 
we obtain 



CXD 



s^ s^ du ^-^ \ m J du 



("•5-3) i = i£ + Ei "i» 



Namely, 



n vs^ -usj ^- 4s4 ^ 4^4 + Z^ I j^J lOm-4' 
By equating this with (11.5.2), and by using (11.4.1), we see that 

°o n(5) „,10m-4 

-^lOm " 



E 



^^ (10m)5 (10m -4)! 

1 °° nf"*) „,10m-4 °° / 3\ „10m-4 \ i i 

ZL Sr^ ^lOm u , V^ ~^]- 1 + - — 

4 ^^ (10m)4 (lOm-4)! £^^\m J 10m - 4 J 4u^' 

Since D^^^ = 1, we can remove the terms of negative degree, and, by multiplying 4, 
we have 

°° n(4) ,,10m-4 °o /I n(5) ,,10m-4 °° / 3\ ^lOm-4 

(10m)4 (lOm-4)! ^ (10m)5 (10m - 4)! ^Vw/lOm-4' 

171=1 ^ ' ^ ' m=l ^ ' ^ ' m=l ^ ' 

The right hand side of this belongs to Z[-i]((w)) because of 8.1.2 (3) and (8.3.6). 
This and (11.1.3) shows that 

r)(4) 4r)(5) 
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11.6. The Clarke type theorem on y{u) over Z[i]. The results we have 
obtained ((11.2.4), (11.3.4), (11.4.4), (11.5.4)) are 

r,(4) r)(5) 

(10m)4 (10m)5 ^^-^^sJ' 
r,(3) r,(4) 



(10m)3 ' "(10m)4 ^ ^' '^ 

(2) 7-)(3) 

+ 2 ^°"; e4!Z[i] 



-^lOm 



L5J' 



(10m)2 (lOm)j 

r,{i) r,{2) 

10m (10m)2 ^^^ 

Summing up these results, we have 

r,(i) r,(5) 

(11.6.1) f^l0m_4, ^10m g4!z[l]. 

^ ^ 10m (10m)5 ^ 

Hence 

4! 10m (10m)5 ^^^' 

Since y{u) = —l/s{u)^ we see 

n n(s) 

(11.6.2) '""^ - i°- 



10m (10m)5 
This and 11.1.7 show that the aimed result of this section, that is 



(11631 ^10^^ _ V (4!a|p)-^modp^+--^^" 

p=l mod 5 
10m,=a(p— 1) 
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12 The Clarke type theorem on x{u) and y{u) over Z. 
12.1. Relation between coefficients of y{u) and of x'^{u). Let 

(12.1.1) a:2(ti) = ^=y -p^-^ -. 

If D = (i/fitt = {2y/x)d/dx, then 

(12.1.2) D(x2) = 2a:L'x = 2a:|^ = 4y. 
Hence 

^(4) 7-) 

(12.1.3) ^110r^^4:^^10m_ 

^ ' (10m)4 10m 

Therefore, (10.5.3) and (11.6.3) show that the denominator of C{Q^/(10m)4 does 
not contain any power of 2, and that C^Q^/(10rM)4 has the property that 



p=l mod 5 
107Ti=a(p— 1) 



Furthermore, since ttttPi- = Hjr^ by (12.1.3), we see that 

1 1 



-DlOm „ 
fc: ZJ 

lOfM 



, ; p = 1 mod 5, p — 1 lOrri 
5 p 



CZ 



(2), 



and that the denominator of iI>iom/(10m) does not contain any power of 2. Thus 

>(4) 

'10m/ 



the numerator of C'iom/(-'-0^^)4 ^^ divisible by 4. This consideration and (11.6.3) 



give rise to 

mi 51 ^2^^ _^ (liai^rVodp^^^^ „ 

^ ' ' ' 10m ^ pl+ordpa P 

p=l mod 5 
10m=a(p— 1) 

This is the second formula in 6.1.1. 
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12.2. From x'^{u) to x{u). Finally, we use 

(12.2.1) D^x = d'^ = 6x^ + ^ (d^^^^£). 

Operating D to the differential equation (5.2.1), we have 

/1\ 1/ 1\2 

(12.2.2) D^{-] =3-{D-] -10. 

\X/ X \ x) 

Therefore l/x(w) G Z((w)) by 8.1.3 (2), and also 1/x^ G Z((w)). These facts were 
proved in (8.2.4) too. Thus, we see that 

(12.2.3) ^^ = 6 ■ ^^^ + "an integer". 
^ ' 10m (10m)4 

Because of (12.1.4), we conclude that 

10m -^•(10m)4+ an integer 

(12.2.4) _ ^ a|p" Vod pi+°'''i^" „ 

— (j^lOm - 2^ 1+ordpa "^P 

p=l mod 5 
107n=a(p— 1) 

with a suitable Giom G Z. This is the desired first formula in 6.1.1. 
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13 Proof of the Kummer type congruence relation (Yasuda) 

Now we start to prove 7.1.1 (and 7.2.1) following Yasuda [Ya2]. 

13.1. 13.1. Honda's theorem and formal groups. We show that there exists 
formal group over Z such that its formal logarithm is (10.1.1) (or (11.1.1)). 



Proposition 13.1.1. 

minate and let u(t) G 


Suppose p he a fixed prime number. Let t be 
Qp[[t]]. // there exists /3 G Zp such that 


in indeter- 


(13.1.2) 


pu{t) 


- I3u{tn e pZp[[t]] 






then the formal group 


law F given by 






(13.1.3) 


F{ti,t2) 


:= u-\u{ti) + u{t2)) 






is defined over Zp {i.e 
power series such thai 


■ G Zp[[ti, 
tu-\u{t)) 


^2]]). Here u~^{t) G Qp[[t]] means 
= t. In particular, if a G Zp, then 


the unique 
we have 


(13.1.4) F{at)=u~ 


\au{t)) G at + t^Zp[[t][. 







This is obtained by applying Honda's theorem [Ho, p. 223, Theorem 2] as n = 1, 
q=p, P = l,u = p — I3T, f = u{t). We can apply this theorem to t \-^ u = Ug oi 
(10.1.1) and s \-^ u of (11.1.1). To do so, we introduce the p-adic /^-function 



(13.1.5) rp:Zp^Zp\ 



This function satisfies, for any positive integer n, that 
(13.1.6) rp(n) = (-l)- n ^- 

l^j<n 



_ -zFpiz) {z^pZp] 
^'"^"'-^ -Fp{z) [zepZp] 



The most important properties are that 

(13.1.7) Fp{z+l) = 

and that, for any positive integer z/, 

(13.1.8) z = w mod p'^Zp implies Fp{z) = Fp{w) mod p'^Zj^ 

For the details, see [Mo] or [R]. 

Denoting by u{t) the power series development of 

(x I 'Ay \AitAj 

= Ug) 



22/ 

with respect to t = —x~^ we claim that 
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Lemma 13.1.9. For the curve y^ = x^^^^ — 1 {resp. y'^ = x'^^^'^ — x ) and 
prime p = 1 mod 2g + 1 {resp. p = 1 mod 4g ), 

S - ( iUp-l)/(4fl+2) ^pil) ( GZ ^ ) 

^P\Ag+2)^P\Ag+2) 



(resp. (3p = -(-l)(p-i)/(4s) Y^^ , ^1 ( e Z/ )) 



Then the series satisfies 

(13.1.10) pu{t) - (3pu{tP) e pZp[[t]]. 

_ 1 
The similar formula is satisfied by the power series development s — —y ^s+i 

with respect to u. 



Proof. For simplicity, we prove the statement only for the curve y^ = x^ — 1 ((/ = 2). 
Let /ion/(10n + l) = [t^^'^+^]u{t) . Then, as is stated in (10.1.2), /lon = {-lT{~}). 
It suffice for us to prove that, if p(10m + 1) = lOn + 1, then 



/lOn _ n flOm 

lOn + 1 ^ 10m + 1 



J iUn ^ J Wm ^ rw 



We notice that ["-] — [""^ + i^ ~ 'W'\ ~ "^" This and 

K2[f 1 - 1) ^ 2n - 1 ^ p(2[^J - 1) ^ p(2( [J] + 1) - 1) 

show that the largest odd integer divisible by p not exceed 2n — 1 is p(2m — 1) 
Hence 

/lOn n flOm 
P-TTT—T - Pp- 



lOn + 1 "^lOm + l 



2] /3 . f T\ml 2 



Pi-^r J T7^--r-/3p ■(-!)' 



n J lOn + 1 \m J 10m + 1 



10m + 1|^ ^ n\ ^^ ^ ' ml 

(-1)-+^ i UU,P^2,-i (- ^) UZ^ (- ^^^^) 
10^ + 1 1 {UU,r^j){UZiPk) 



-(-l)^/?,ii-^^ ' > 



ml 



By using (13.1.7) repeatedly, we have 

(_l)Tn+£5^ I j,^(._2^^ P [[k=l [ —) 



10m + 1 1 (-l)"+irp(n + l) p'^m! 



-(-l)^/3,ii^-^^ ^ ^ 



m! 
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10m + 1 1 Fpin + l)rp{-n + ^) 



ml 



^ r,(i) nr.i(-^) 



(-1)-+^ /-i\ r r,(i) 



lOm + l V^yi rp{-^p{10m + l) + ^)rp{-^p{10m + l) + £ 
Assume p'^IKlOm + l). Then (13.1.7) and (13.1.8) show 

rp{-^p{iOm + i) + ^)rp{-^p{iOm + i) + ^) rp(A)rp(^) ^ p- 

It is shown by 1.3.3 that 

~'A e z,. 

m J 
Therefore 

JlOn fj JlOm ^ rr 

and the proof has completed. D 

Remark 13.1.11. (1) (Yasuda) Regarding the map i : C ^ J to be defined over 
Zp, we denote its formal completion at 00 t-^ "the origin of J" by /^ : C ^ J. 
Because of the action (5.2.2) (resp. (5.3.2)), J is decomposed into a product of 
1-dimensional formal groups. The composite map ii o t : C -^ G oi i with the 
projection n : J ^> G, where G is a certain factor of the product, would be an 
isomorphism of formal groups. 

(2) The height of the formal group F over Zp associated to u{t) above is 1, namely, 
there exists 6 G Z^ such that u~^{pu{t)) = hfP mod pZp[[t]]. This fact follows from 

pu{t) = p{t + ■ ■ ■ + fp.i^j + ■ ■ ■) 

and the fact fp-i G Z^ shown by (10.1.5). The same fact is seen for the formal 
group associated to the series development of s ^-^ -u. 
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13.2. Hochschilt's formula and Honda's theorem. We recall the following 
Lemma called Hochschilt's formula in order to show 13.2.2 below. 



Proposition 13.2.1 


. Let p 


be a prime, R 


be a commutative ring 


of char- 


acteristic p, 


and D 


be a derivation from R 


to itself. 


Then, for b 


G R, we 


have 




{bDf = 


-- b^DP + {{boy 


-\b)).D. 







Since this is described in [Ma, p. 197, Theorem 25.5] with a detailed proof, we omit 
it. 

While the following general equality is proved by using the formula above, rather 
weak form for the case of (7 = 1 is described in [G] by a different way. 



Proposition 13.2.2. For the curve y'^ = x'^^^'^ — 1 {resp. y'^ = x'^^^'^ — x ), 
let t = t{u) and s = s{u) be the power series of 8.2.1 and of 8.3.1, respectively. 
Let p = 1 mod (2(7 + 1) (resp. mod 4g) be a prime. If ip G Zp[[t]] or (f E Zp[[s]] 
then 



d 
Proof. The derivation D = -7- on the ring Zp[[t]] induces a derivation from Fp[[t]] 

to itself. In the sequel of this proof, the symbol "=" means the equality in Fp[[t]]. 
First of all, we pay attention to the fact 

f = i + f;(-ir(-j)t-'^Gi+tz[i 

(13.2.3) n=i V^/ 

£Gl + tZ[i][[t]] 

given by (10.1.1) and (10.1.3). By using 13.2.1 for this b := -^ and D above, we 
see that 

\duj 
= {bDfu 

= {bPDP + {{bD)P-\b))-D)u 

dtYd^u ^ f (dt dY~^ dt\du 
du ) df \\du dtj du i dt 

dtYd^u I [M Y~^dt\du 
du J df \\duj du } dt 

^ fdiYd^u ^ dn du 
\du) df du'' dt ' 

Hence 
(13.2.4) 



dn 


\dt) 


-^d^u 


du" 


dt"- 
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By using 13.2.1 again for (/?, D, and 6, we have 






du dtj duj dt 



du dt 

du\~^ jF _ , d^t du d 
dt J 

dH du d 



dt J dt du'' dt du 



du'' dt di 

Here we have used (13.2.3). By substituting (13.2.4) into the last formula, we obtain 
/1oor^ f dY fduyPd^u d 

Since iiyZpiit]] e pZp[t]], by applying (|)p to (13.1.10), we have 

= {p - 1)\ u' (tP) 

= -Ppu'itr. 

The properties (13.1.6) and (13.1.8) imply 

' p— 1 



P \ -^J I p-1 

V4g+2 

(_l)(p-l)/(43+2)(_2). 



rp{^ + i) 



-'pUs+2 ^ -^^-'PV 2 4g+2 ^ -^^ 

_('_1l(p-l)/(49+2) ^P'- 2 ^ 

^ -"^ ^ /» +4g+l Np /2g 

43+2 /-'PV 4g+2 

^P(I) 

-'PV4g+2^-'pUg+2^ 



p (P±^g±l\p ( 2gp+2g+2 ^ 
-'PV 43+2 ^-'PV 

^ _(_l)(p-i)/(45+2) j/-(^^ niod p 

V / T^ /43+l\p /23+2\ -f" 



d^'u _ _A f duY 



So that 

~dF ~~""pVdI) ■ 

To Substitute this into (13.2.5) shows 

as desired. We can prove the statement for s = s(u) by the same argument. 

Remark 13.2.6. When the proof of Yasuda was not yet given, we used in order 
to prove 13.2.2 a certain weaker formula than 13.2.1 combined with a method of 
Carlitz in ([Cal]). For convenience to the reader, the weaker formula is mentioned 
in 18.3. 
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13.3. Proof of the Kummer type congruence relation. The tools for the 
proof of 7.1.1 (and 7.2.1) have been completely prepared. To avoid confusion, if we 
regard 

Xiu) = ^7 + > TT 

^ ^2 ^°^ (lOn-2)! 
to be an element in Qp[['u]], we denote this by 

x{u)(:= x{u)) 

Let ^ G Zp be a primitive {p — l)-st root of 1. Then, as 



(13.3.1) x{u) -^'^x{^u)= Yl 



lOn (lOn-2)! 

n=l 
p-l/lOn 

it suffice to prove for any positive integer a and D = d/du that 

(13.3.2) {DP - ApDY{x{u) - i'^x{^u)) G p''Zp{{u)). 

Indeed, if lOn ^ a+2 and (p— l)/10n, then the coefficient of u^*^'^~°'~^/(10n — a— 2)! 
is 

WOn+r(p-l) 



(i-e'°")E(")(-^p)"" 

^— n \ / 



„ , „, lOn + rip — 1) 

and 1 — ^^^^ ^ pT^p. Thanks to 13.2.2, it suffice for proving (13.3.2) to prove 

(13.3.3) x{u{t)) - ^^x{^u{t)) G Zp[[t]]. 

If we set 

Fc(t) = u~^(^u(t)) (u~^ is the formal inverse series of t \-^ u) 

(13.3.4) u ; vs V ;; V ; 

= t{^u{t)), 
then 15.3.4 and 15.3.9 yield that 

because F^{t) G ^t + t^Zp[[t]]. Hence, 7.1.1 have been proved. D 



54 



14 Other Kummer type congruence relations. 

In this Section we do not restrict to the curve y"^ = x^ — 1, and describe hyperelliptic 
curves defined by either equation of 

14.1. On generalized Bernoulli-Hurwitz numbers of higher order. Let t = 

— l/a:(ti)^/^ and s = —l/y{u)^^^ as usual. We prove the Kummer type congruence 
relations for the Hurwitz coefficients of t~'^ {1 ^ u ^ 4g + 2) generalizing the 
congruence for t~^ = x{u) proved in the Section 13. 

The case of y{u)'^ = x(u)'^3~^^ — 1. For the curve y^ = x'^^^^ — 1, we recall the 
numbers C\^^ , 2)n (defined in the Section 10) and D^"^ _,2)n (defined in the Section 
11). Namely, for z/ = 1, 2, ■ ■ ■ , we let 



1 _ 1 y. ^S+2)n Z.(4^+^)-- 

1 1 ^ ^lli+2^. ^(4.+2)n-. 



(14.1.1) 



s" u" ^ ((45r + 2)n)^ ((45f + 2)n-z/)! 

Of course, if {4g + 2) /n then we assume C^'^ = D^l"^ = 0. 

Let p = 1 mod {4g + 2) be a prime number, and ^ G Zp be a primitive {p — l)-st 
root of 1. By using 

.,,,,, j__,.^_ _ f. (i-^^^^^^^")^SU^ ..(^^+^)— 



t{uY t{iuY ^ ((4^ + 2)n), ((4^ + 2)n-z/)! 

p-l/(4g+2)n 

instead of (13.3.1), we have the following. 



Theorem 14.1.3. Let p = 1 mod (2(7 + 1) he a prime number, a he a positive 
integer. Let v be an integer such that 1 ^ z/ ^ 4(7 + 2. Assume {4g + 2)n ^ a + u 
and p — 1/(4(7 + 2)n. Then we have 

^W^ ^-^ ((4(7 + 2)n + r(p-l)).-° "°^ ^ ' 

V f''^ (-A r-^ ^(4g+2)n+r(p-l) ^ 



r=0 



a;^ ^^ ((4(7 + 2)n + r(p-l)), 
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The case of y{u)'^ = x{u)^3^^ — x{u) . For the curve y"^ = x^^^^ — x and z^ = 1, 
"'('") nnH n*'^' 



2, ■ ■ ■ , we define Cl"' and Di"' by 






t^ w^ ■ ^^^ (45fn),, (45fn- z/)! 
:i4.1.4) "-' , , 



s^ -u 



. + E 



-^ (45rn),, {4gn-u)l' 



We also assume that, if {4g + 2) /n then C^"' = I^^^' = 0. 

Let p = 1 mod 4(7 be a prime, and ^ G Zp be a primitive {p — l)-st root of 1. By 
using 

1 .,. 1 ^(i-^^^")cr„ t^^^"-" 



(14.1.5) -^^-C^:r^ =y 



t{uY t{iuY ^^ {4gn)^ {Agn-u)\ 

p-l/4gn 



instead of (13.3.1), we have 



Theorem 14.1.6. Let p = 1 mod Ag he a prime number, a he a positive 
integer. Let v be an integer such that 1 ^ u ^ 4g + 2. Assume 4gn — a + u 
and p — l/(4gn. Then we have 



,, — n ^ / 



mod p 



^^0 ^-^ {4gn + r{p-l))^ 

f-'^KaJ' '^' {4gn + r{p-l))^ 
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14.2. On the Hurwitz coefficients of t{ug) and of s{ug). We consider now 
ttie Hurwitz coefficients c^', d^^ of powers of t = t{u) in 8.2.1 and s = s{t) in 8.3.1, 
namely, tliose of 

Here, obviously c^^^ = S/^^ = 1. The results are as follows. 



Lemma 14.2.2. 


//^ 


> anrf m 


^a + 1, 


then 










a 

>: 

r=0 




\ 

(- 
/ 


-A,r 


-r (h) 

m-\-r{p- 


-1) = 





mod 


P", 




a 
r=0 




\ 

(- 
/ 


-ApT 


"'m+r{p 


-1) = 





mod 


p\ 



Proof. By 8.1.2 (2), (3), and 8.2.1, we have 

(14.2.3) Zp((tx)) = Zp((i)). 
For D = d/du and any integer /i ^ 1, we show that 

(14.2.4) ^DP-ApD){^-^ eb + pZp{{u)), (6 G Z^) 
by induction. If /i = 1, this is checked by 13.2.2 and (14.2.3). Since 



p-1 
fh \ A+ -^ — ^ / r)\ / ■ +h\ / . A+\ +h 



-(^'S)^^g(:)(^"9(^^S^^(^'i 

by using the hypothesis of induction, (13.2.4), and 13.2.2, we see that this belongs 
to pZp{{u)). Hence, we have 

(DP-A,D)(^^^^^eb + pZp{{u)) (beZp). 

Thus, we have concluded (14.2.4). Using (14.2.4) repeatedly, we have, for a > 0, 
that 

(14.2.5) {DP-ApDr(^^^ eb + p''Zp{{u)) (beZp). 

Because of 



m=h ^ r=0 

we obtain the first formula. The second one is proved similarly. D 
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14.3. The Vandiver-Carlitz type congruence relation. In this subsection, 
we prove the congruence relation of Vandiver-Carlitz type. Vandiver gave in [V] 
such the congruence for Bernoulli numbers, and Carlitz investigated in [Ca4] for 
Hurwitz numbers. 



Pro 


position 14.3.1 


Let 


a > and n = a + 1 are integers. 


For the 


numbers 


{C<^ 


'} and 


{D^^'>} defined 


in (14.1.1) or (14.1.4), 


we have 










El 

r=0 






mod p"-" 










a 


r 1 




mod p"-'' 










r=0 


\ / 











Remark 14.3.2. These congruence relations need not the condition {p — l)/n in 
contrary to 7.1.1, 7.2.1, 14.1.3, 14.1.6. However, since 14.3.1 can be proved without 
(13.1.10) and 13.1.1, it would be not so deep results. 

Proof. As in 10.1, we let [t"'"'"^/(n + l)]u{t) = fn- Here we use still the notation 
u = Ug, D = d/du. Since 

"^ m! t(u) t ^-""h + l 

Tn=0 m=i/ 

oo 



^ h + 1 ^ "^ ml ^\^ h + 1 "^ J ml 

h=0 m=h m=0 ^ h=0 ^ 



we have 



(14.3.3) ^^' = E/q^^-- 



h=Q 



Therefore, 



E(:)(-^.)'"c';;v.„_„ = eC)(-^.)- E irr^S 

m+r(p-l) a ,. 

= E iriE ()(-■*.)--:; 



If m ^ a + 1, then the inner sum is divisible by p"- because of (14.2.2). If p'^||(/i + l) 
{w ^ 1), then p^ — 1 ^ /i, and ordp(p^ — 1)! ^ ordphl. By (1.1.2), we see that 

ordp(p- - 1)! = (P" - 1) - (P - ^)w ^ ^^-1 ^ ^»-2 ^ . . . ^ p ^ 1 _ ^_ 

In our situation, we may assume p ^ 3. Hence, the above is ^ ty if ty ^ 2. The 
worst case is when w = 1, so that 

(14.3.4) wS ordphl + 1, («^ ^ 1). 
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Therefore 



r=0 ^ ^ 

This is just the case of z/ = 1 of the first formula in 14.3.1. The general case is 
proved similarly as follows. Since u = J2T=o fhT+T^ ^^ ^^^ 

OO P P P 

Jhi Jh2 Jh 



Z^ 7i, _L 1 7i„ _U1 ■■■/,_ -u1 



Hence 



'T- = ^hi+h2 + -- 
+h^=h 



^y^v^ v^ Ai fh2 Ik ^h 

h=Qhi+h2 + - 
+htj=h 

CX) f f jy ^^^ 777, 

E>r^ Jhi Jh2 JK ^j V^ ^(h)'"- 

, , ^ hi + lh2 + l"' K + 1 ■ ^^ "^ m! 

OO / //t P P P \ YYi 



= E E^'E 



-e^ 



, , , , hi + lh2 + l K + 1 "^ m\ 

m=0 \h=0 hi+h2 + --- 
+h^=h 



and that 



1 _ >V^ 1 / >V^ ,,1 V^ fhi fh2 fh, _^(h)\ ^^ 



Z-^ (m^ \ Z-~t ' Z-~t 



-\-hi,=h 

This development yields that 



(14.3.6) C^) = E ^' E 



//ti Jh2 Jhi, (h) 



hi + lh2 + l K + 1 

+h^=h 



and that 



'■=0 ^ ^ /i=0 \ h, ife. 



//ii Jh2 Jh 



hi+h2 + - 
-\-hv=h 



/ll + 1 /l2 + 1 K + l 



If we assume p^^ \\{hj + 1), then, as in (14.3.4), we conclude 

wi + • • ■ + Wij ^ ordp(/ii!/i2! ■ ■ ■ hi,\) + z/ ^ ordp(/i!) + f 

because Wj ^ ordp/ij! + l. This shows that the right hand side of (14.3.7) is divisible 
by p°'~^ . Thus, we have proved the first congruence in (14.3.1). The second one is 
proved similarly. D 
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15 Numerical examples for classical numbers 

15.1. Bernoulli numbers. First several values of C2n = (— l)"~^2^"i?2n {B2n 
is the 2n-th Bernoulli number) of the curve y'^ = x — 1 ((7 = 0) are as follows: 



2^B2 


= 


r=- -^^^-sV^'- 


2^S6 


= 


-^^^-sV^'- 


2^°Sio 


= 


3.\r^''^' -2"^-=3.5.7.13-^"'''«^ 


2 -B14 


= 


i . 2'= . 7, -2"i?i6 = — -!-— ■ 2'= . 3617, 
3 3 ■ 5 ■ 17 


2''Si8 


= 


3.5.19'^"'«^''^- 


2^°S20 


= 


^^^^. 2". 283. 617, 


222^22 


= 


g 23. 2-. 11. 131. 593, 


2 -B24 


= 


"^ ■ 2^3 . 103 ■ 2294797, 
3 ■ 5 ■ 7 ■ 13 


2^^i?26 


= 


- • 2^5 ■ 13 • 657931, 




2^«i?28 


= 


■ 2^^ • 7 • 9349 • 362903, 
3 ■ 5 ■ 29 


2=^°S30 


= 


• 2^9 . 5 • 1721 ■ 1001259881, 
3- 7- 11 -31 


2^^S32 


= 


• 2^1 . 37 ■ 683 • 305065927, 
3 ■ 5 ■ 17 


2=^4^34 


= 


_ -233 -233 -17 -151628697551, 




2^^i?36 


= 


• 2^^ • 26315271553053477373, 
3- 5 -7- 13 -19 -37 


2^«i?38 


= 


^ ■ 2^^ ■ 19 • 154210205991661, 




2 -640 


— 


. -2^^ ■ 137616929 ■ 1897170067619, 



3- 5 -11 -41 



2^2^ = — ^_^ . 241 . 1520097643918070802691, 
3 ■ 7 • 43 

-2^^S44 = ■ 2^^ • 11 ■ 59 ■ 8089 • 2947939 ■ 1798482437, 
2^6 54g = ^_ . 2^5 . 23 ■ 383799511 ■ 67568238839737, 

-248 S48 = ^- 2^^ ■ 653 ■ 56039 ■ 153289748932447906241, 

3 ■ 5 • 7 ■ 13 ■ 17 



2^0550 = 249 . 52 ■ 417202699 ■ 47464429777438199. 



3-11 
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15.2. Hurwitz numbers for the curve y^ = x^ — 1. First several values of 
C^n for the curve y'^ = x^ — 1 {g = 1) are as follows: 



C^s = Y^■2''■3'■5'■ll, ^24 = ;^- 2^2. 3". 53. 112. 17, 

C3o = y^-228. 314.56. 112. 17-23, 



<:^3fi = ^^3 ^g 3^ ■ 2^4 . 317 . 5^ ■ 11^ . 172 . 23 . 29 ■ 43, 



^36 

1 



C42 = TT^ ■ 2^0 . 3^° . 5^ . 11^ . 17^ . 23 . 29 ■ 431, 



1 

1 
1 

"9 
-1 



C48 = — ^ . 2^6 . 3^^ ■ 5^ ■ 11^ . 17^ ■ 23^ . 29 ■ 41 . 313, 

C54 = -^— ■ 2^2 . 3^^ . 5^^ ■ 11^ . 17^ . 23^ . 29 . 41 . 47 ■ 1201, 
7 . 19 



Can = = 2^^ . 3^^ . 5^^ ■ 11^ ■ 17^ ■ 23^ • 29^ . 41^ . 47 . 53 ■ 1823, 

7 . 13 . 31 . 61 



^60 

1 



Cee = -^— ■ 2^4 . 332 . 513 . ^^6 . ^73 . 232 . 292 . 41 . 47 . 53 ■ 59 ■ 79 ■ 733, 

7 . 67 

C72 = — 2^° . 3^^ . 5^2 . 11^ . 174 . 23^ ■ 29^ . 41 . 47 ■ 53 . 59 

7 . 13 ■ 19 ■ 37 ■ 73 

• 1153 . 13963 ■ 29059, 

Crs = 2^6 . 3^^ ■ 5^^ ■ 11^ ■ 13 • 17^ . 23^ ■ 29^ . 41 . 43 ■ 47 ■ 53 • 59 ■ 71 

7-79 

.2647111, 



-1 

^84 



Cha = 2^2 . 341 . 517 . -^-^7 . -^r^4 . 233 . 292 . 4^2 . 47 . 53 . 59 . 71 



7 . 13 ■ 43 
• 8431097574437, 



Con = 2^^ . 344 . 5^^ . 11^ . 17^ . 23^ . 29^ . 41^ . 47 . 53 ■ 59 ■ 71 



7.19.31 
. 83 . 998039409083, 

C96 = ""^ ■ 2^4 . 347 . 5I8 . ^^8 . ^^5 . 234 . 293 . 4i2 . 472 . 53 . 59 . 71 
7 . 13 . 97 
.83.89.253013.826151671, 



Cin2 = ■^^— ■ 2^°° . 3^° . 5^° . 11^ . 17^ . 23^ . 29^ . 41^ . 47^ . 53 . 59 . 71 



7.103 
• 83 . 89 . 433 . 1493 . 532620611, 

C108 = — 2106 . 353 . 522 . ^-^9 . ;l76 . 234 . 293 . 4l2 . 472 . 532 

7.13.19.37.109 
. 59 . 71 . 83 . 89 . 101 . 38543 . 72745827951021097. 
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15.3. Hurwitz numbers for the curve y^ = x^ — x. First several values of 
C^n = 2'*"^-E'4n (-E'4n IS the 4n-th original Hurwitz number) for the curve y"^ = x^ — x 
{g = 1) are as follows: 



2^E^ = - ■ 2^ • 3, 
5 

2^E8 = 1 ■ 2^ ■ 3, 
5 

2^^i?i2 = ^ ■ 2^1 ■ 3^ ■ 7, 

2''E,e = ^-2''-3'-7'-ll, 
5 • 17 



1 

^20 



2'^^E2n = - . 2^^ • 3^ ■ 7^ ■ 11, 



5 

224£;24 = 2^^ ■ 3^ ■ 7^ • 11^ ■ 19, 

5 ■ 13 



2'^^E28 = 2^7 ■ 3^ ■ 7^ ■ 11^ ■ 19 ■ 23, 

2^2^32 = 2^^ ■ 3^° ■ 7^ ■ 11^ ■ 19 ■ 23 ■ 223, 

"^5-17 



2^6^36 = 2^^ ■ 3^^ ■ 7^ ■ 11^ ■ 19 ■ 23 ■ 31 ■ 61, 

5 ■ 13 ■ 37 

2^^E40 = 2^^ ■ 3^^ ■ 7^ ■ 11^ ■ 19^ ■ 23 ■ 31 ■ 2381, 



2^^E44 = - ■ 2^3 . 3I5 . 76 . ^^4 . ^q4 . 23 . 31 



_ 1 

^44 — _ 
5 

1 

^48 



2^^E56 = 2^^ ■ 3^^ ■ 7^ ■ 11^ ■ 19^ ■ 23^ ■ 31 ■ 43 ■ 47 ■ 61 ■ 52289 



2^^£;4s = 2^^ ■ 3^^ ■ 7^ ■ 11^ ■ 19^ ■ 23^ ■ 31 ■ 43 ■ 1162253, 

5 -13 -17 

2^2^52 = 2^^ ■ 3^^ ■ 7^ ■ ll'* ■ 13 ■ 19^ ■ 23^ ■ 31 ■ 43 ■ 47 ■ 8887, 

^5-53 

1 
^^ 5-29 

2^^ Ego = 2^^ ■ 3^^ ■ 7^ ■ 11^ ■ 19^ ■ 23^ ■ 31 ■ 43 ■ 47 ■ 2630966033, 

5 ■ 13 • 61 

2^^E64 = 2^^ ■ 3^^ ■ 7^ ■ 11^ ■ 19^ ■ 23^ ■ 31^ ■ 43 ■ 47 ■ 59 ■ 109 ■ 814903, 

5-17 

2^^Eqs = - ■ 2^^ ■ 3^^ ■ 7*^ ■ 11^ ■ 17 ■ 19 ■ 23^ ■ 31^ ■ 43 ■ 47 ■ 59 ■ 80232721, 
5 



2^^ ^72 = ^^- ■ 2^^ ■ 3^^ ■ 7^° ■ 11^ ■ 19^ ■ 23^ ■ 31^ ■ 43 ■ 47 ■ 59 ■ 67 



5 ■ 13 ■ 37 ■ 73 
■48316510111193, 

2^6^76 = - . 2^^ ■ 3^^ ■ 7^° ■ 11^ ■ 19^ ■ 23^ ■ 31^ ■ 43 ■ 47 ■ 59 ■ 67 ■ 71 ■ 3469 ■ 1330177. 

^^ 5 
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16 Numerical examples for new numbers 

16.1. x{u) of the curve y^ = x^ — 1. First several values of Cion for the curve 
y'^ = x^ — 1 ((7 = 2) are as follows: 



1 

ao 



C^n = — -2^ ■3'^ -b"^ -7, 



11 
-1 

^20 



Con = — ^ ■ 2^^ ■ 3^ ■ 5^ ■ 7 ■ 13 ■ 17, 



11 
1 

30 



Csn = — 2^8 . 3^^^ ■ 5^ ■ 7^ ■ 13^ ■ 17 ■ 19 ■ 23^ 



11-31 
-1 

^40 



Cao = ^— ■ 2^^ ■ 3^^ ■ 5^ ■ 7^ ■ 13^ ■ 17^ ■ 19^ ■ 23 ■ 29 ■ 37 ■ 31991, 



11-41 
I 
C50 = _ . 2^^ ■ 3^^ ■ 5^2 ■ 7^ ■ 13^ ■ 17 ■ 19^ ■ 23^ ■ 29 ■ 37 ■ 43 ■ 47 ■ 4999, 



-1 

^60 



Cm = 2^^ ■ 3^^ ■ 5^^ ■ 7^ ■ 13^ ■ 17^ ■ 19^ ■ 23^ ■ 29^ ■ 37 ■ 43 



11 -31 -61 
■ 47 ■ 53 • 351453077, 

C70 = — ^ 2^2 ■ 3^^ ■ 5^^ ■ 7^ ■ 13^ ■ 17^ ■ 19^ ■ 23^ ■ 29^ •37-43 

11-71 

-47-53-59-67-6740734411, 

Cso = ~^ ■ 2^^ - 3^^ - 5^^ - 7^ - 13^ - 17^ - 19^ - 23^ - 29^ - 37^ - 43 
11-41 



Con = — ^- - 2^^ - 3^2 - 5^^ - 7^° - 13^ - 17^ - 19^ - 23^ - 29^ - 37^ - 43^ 



47 - 53 - 59 - 67 - 73 - 109 - 460903 - 121384433, 
1 
11-31 

1 



- 47 - 53 - 59 - 67^ - 73 - 79 - 83 - 131 - 881 - 2799606697, 



Cioo = ^ ■ 2^^ - 3^^ - 5'^^ - 7^^ - 13^ - 17^ - 19^ - 23^ - 29^ - 37^ - 43^ 

^^ 11 - 101 

- 472 - 53 - 59 - 67 - 73 - 79 - 83 - 89 - 97 - 10343 - 1938718187373563, 
Cno = — - 2^°^ - 3^^ - 5^7 - 7^2 - 13^ - 17^ - 19^ - 23^ - 29^ - 37 - 43^ 

- 472 - 532 - 59 - 67 - 73 - 79 - 83 - 89 - 97 - 103 - 107 

- 3019729 - 865724129494813, 



-1 

'120 



Ci2o = 2^19 - 3^^ - 5^9 . 7^3 - 13^ - 17^ - 19^ - 23^ - 29^ - 37^ - 43^ 



11-31-41-61 

- 472 - 532 - 592 - 67 - 73 - 79 - 83 - 89 - 97 - 103 - 107 - 109 - 113 

- 863833294249 - 7389430581319, 

Ci3o = ^ 2^28 . 361 . 532 . 715 . ;^3ii . ^^5 . ^q6 . 235 . 294 . 372 . 432 

J. J. ' J.O J. 

- 472 - 532 - 592 - 67 - 73 - 79 - 83 - 89 - 97 - 103 - 107 - 109 - 113 - 127 

- 5303 - 97785319 - 175363749323953511, 



-1 

'140 



Ci4o = ^ ■ 2^2^ - 3^^ - 5^^ - 7^^ - 13^° - 17^ - 19^ - 23^ - 29^ - 37^ - 43= 



11-71 

- 47 - 532 - 592 - 67^ - 73 - 79 - 83 - 89 - 97 - 103 - 107 - 109 - 113 - 127 

- 137 - 3191 - 79927801 - 2927519326077590415331021, 
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Ci5o = ^ 2^^° ■ 3^° ■ 5^^ ■ 7^^ ■ 13^2 . 175 . ^q7 . 236 . 295 . 373 . 433 

^" 11 -31 -151 

■ 47^ • 53^ • 59^ • 67^ ■ 73^ ■ 79 ■ 83 • 89 ■ 97 • 103 ■ 107 ■ 109 • 113 ■ 127 

■ 137 ■ 139 ■ 50951 ■ 450127 ■ 1464426640811 ■ 58871719018640089, 

C160 = -^ ■ 2^^^ ■ 3^2 ■ 5^° ■ 7^^ ■ 13^2 ■ 17^ ■ 19^ ■ 23^ ■ 29^ ■ 37^ ■ 43^ 

■ 47^ • 53^ • 59^ ■ 67^ ■ 73^ ■ 79^ ■ 83 ■ 89 • 97 • 103 ■ 107 • 109 ■ 113 ■ 127 • 137 
• 139 ■ 149 ■ 157 ■ 5473709 ■ 22543502622365730931551293201565706511, 

Ci7o = - ■ 2167 ■ 3^8 ■ 5^^ ■ 7^9 ■ I312 . 178 . ^q8 . 237 . 295 . 373 . 433 
11 

■ 47^ • 53^ • 59^ • 67^ ■ 73^ ■ 79^ ■ 83^ ■ 89 ■ 97 ■ 103 ■ 107 ■ 109 ■ 113 ■ 127 

■ 137 ■ 139 ■ 149 ■ 157 ■ 163 ■ 167 

■ 587 ■ 22573 ■ 18793 ■ 246289 ■ 311203545376580358674935387, 

C180 = — 2177 ■ 3^7 . 5^' ■ 719 ■ 131^ ■ 177 . 199 . 237 . 296 ■ 373 . 43^ 

^^ 11 -31 -61 -181 

■ 47^ ■ 53^ ■ 59^ ■ 67^ ■ 73^ ■ 79^ ■ 83^ ■ 89^ ■ 97 ■ 103 ■ 107 ■ 109 ■ 113 ■ 127 

■ 137 ■ 139 ■ 149 ■ 157 ■ 163 ■ 167 ■ 173 

■ 239 ■ 1471 ■ 1579 ■ 7030999221688667065861742323016843138707. 
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Each Cion is writen by a certain integer Gion (von Staudt-Clausen type theorem) 
as foUows: 



Cio = 


6 

11 








C20 = 


62 

11 








C30 = 


63 

11 


+ 


10 
31 




C40 = 


64 

11 






7 
+ 41 


C50 = 


6^ 
11 










6^ 




10^ 


1 


Ce,o = 


11 


+ 


31 


+ 61 


C70- 


6^ 
11 






32 

+ 71 


C'so = 


68 

11 






72 
+ 41 


C90 = 


g9 
11 


+ 


10^ 
31 




Cioo = 


glO 

11 








Clio = 


gll 

11 








C120 = 


gl2 
11 


+ 


lO'^ 
31 


7» 1 
+ 41+61 


Ci30 = 


gl3 
11 








Ci40 = 


gl4 
11 






32^ 

+ 71 


Ci50 = 


gl5 
11 


+ 


10^ 
31 




C160 = 


gl6 
11 






7« 

+ 41 


Ci70 = 


6^7 
11 








C180 = 


gl8 
11 


+ 


10^ 
31 


1 

+ 61 



46 

+ 



101 



64 

+ 



131 



52 

+ 



151 



+ Cio, 


+ C20, 


+ C30, 


+ C40, 


+ C50, 


+ Ceo, 


+ C70, 


+ Cgo, 


+ C90, 


+ Cioo, 


+ Clio, 


+ C120, 


+ Ci3o, 


+ Ci40, 


+ C150, 


+ C16O, 


+ Ci7o, 


101 +<^180- 



^ 181 
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16.2. y{u) of the curve y^ = x^ — 1. First several values of -Dion for the curve 
y^ — x^ — 1 ((7 = 2) are as follows: 



Dio = ^ ■ 24 . 32 . 52, 



£>20 = YY ■ 2'" ■ 3' ■ 54 ■ 7 • 13, 
-1 

''30 



Dsn = ^— ■ 2^^ • 3^^ ■ 5^ ■ 7^ • 13^ • 17 ■ 19 ■ 23, 



11-31 
1 

''40 



D40 = — ^— • 2^^ • 3^^ ■ 5^° ■ 7^ ■ 13^ • 17^ ■ 19 ■ 23 ■ 29 ■ 53, 



11-41 
-1 

'50 



Dro = ^■2'^^ ■ 3^^ ■ 5^^ ■ 74 ■ 13^ • 17 • 19^ • 23^ ■ 29 ■ 37 ■ 43 ■ 683, 



11 

^60 = ,, ^, ^, ■ 2^^ ■ 3^^ ■ 5^^ • 7^ ■ 13^ • 17^ • 19^ • 23^ • 29 ■ 37 ■ 43 ■ 47 ■ 53 
11 -31 -61 

■ 115781, 



-1 

'70 



D70 = ^— ■ 2^4 ■ 3^2 . 5I6 . 78 . ;l36 . 172 . ;l93 . 232 . 292 ■ 37 ■ 43 ■ 47 ■ 53 



11-71 

■ 59 ■ 22703881, 

\ 

Dso = 2^^ ■ 3^^ ■ 5^^ ■ 7^ ■ 13^ ■ 17^ ■ 19^ ■ 23^ ■ 29^ ■ 37^ ■ 43 ■ 47 ■ 53 

11-41 

■59-67 

■ 73 ■ 4580521741, 

Dqo = -^ 2^^ ■ 3^2 ■ 5^2 ■ 7*^ ■ 13^ ■ 17^ ■ 19^ ■ 23^ ■ 29^ ■ 37^ ■ 43^ ■ 47 ■ 53 

J. J. ' O J. 

■ 59 ■ 67 ■ 73 ■ 79 ■ 83 ■ 9601 ■ 1285049, 

Dioo = ^ 2^^ ■ 3^^ ■ 5^4 ■ 7^^ ■ 13^ ■ 17^ ■ 19^ ■ 23^ ■ 29^ ■ 37^ ■ 43^ ■ 47^ ■ 53 

■ 59 ■ 67 ■ 73 ■ 79 ■ 83 ■ 89 ■ 4002942001952573, 

Duo = — ■ 2^°2 • 3^^^ ■ 5^^ • 7^^ ■ 13^ ■ 17'^ • 19^ ■ 23^ ■ 29^ ■ 37 • 43^ ■ 47^ • 53^ 

■ 59 ■ 67 ■ 73 ■ 79 ■ 83 ■ 89 ■ 97 ■ 103 ■ 9747003959677530439, 

1^120 = —, 2^^^ ■ 3^^ ■ 5^^ ■ 7^=^ ■ 13^ ■ 17^ ■ 19^ ■ 23^ ■ 29^ ■ 37^ ■ 43^ ■ 47^ 

11 ■ 31 ■ 41 ■ 61 

• 53^ • 59 ■ 67 ■ 73 ■ 79 • 83 ■ 89 ■ 97 • 103 ■ 107 ■ 109 • 113 

■ 1759 ■ 2027 ■ 2278423765903. 
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16.3. x{u) of the curve y^ = x^ — x. First several values of Csn for the curve 
y^ — x^ — X {g = 2) are as follows: 

Cs = 2^ ■ 5, 

Ci6 = ^ • 2^^ • 3^ ■ 5^ • 7^ • 11 ■ 13, 
C24 = 2^2 . 3^ ■ 5^ ■ 7^ ■ 11^ ■ 13 ■ 19, 



-1 

7 
1 



C32 = ^ . 2^^ ■ 3^ ■ 5^ ■ 7^ ■ 11 ■ 13^ ■ 19 ■ 23 ■ 29 ■ 1741, 



C40 = — ■ 2^° ■ 3^ ■ 5^ ■ 7^ ■ 11^ ■ 13^ ■ 192 ■ 23 ■ 29 ■ 31 ■ 37 ■ 5693, 
41 

C48 = ^^ ■ 2^^ ■ 3^° ■ 5^-, 7^ ■ 11^ ■ 13^ ■ 19^ ■ 23^ ■ 29 ■ 31 ■ 37 ■ 43 ■ 41957857, 
C56 = 2^^ • 3^2 • 5^^ ■ 7^ ■ 11^ ■ 13^ ■ 19 ■ 23^ • 29 ■ 31 ■ 37 ■ 43 ■ 47 ■ 53 • 715991, 

C64 = — • 2^3 • 3^^ ■ 5^2 ■ 7^ ■ 11^ ■ 13^ ■ 192 ■ 232 ■ 292 ■ 31^ ■ 37 • 43 ■ 47 
■ 53 ■ 59 ■ 61 ■ 89 ■ 32591401, 



1 

^72 



C72 = ^ ■ 2^2 ■ 3^^ ■ 5^^ ■ 7^° ■ 11^ ■ 13^ ■ 19^ ■ 23^ ■ 29^ ■ 31^ ■ 37 ■ 43 ■ 47 



73 
■ 53 ■ 59 ■ 61 ■ 67 • 19346595547931, 

-1 

80 



C«n = ^ ■ 2^° ■ 3^^ ■ 5^^ ■ 7^^ ■ 11^ ■ 13^ ■ 19^ ■ 23^ ■ 29^ ■ 31^ ■ 37^ ■ 43 ■ 47 



17-41 
■ 53 • 59 ■ 61^ • 67 • 71 • 5826608412403. 
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Each Csn is written by a certain integer Gsn (von Staudt-Clausen type theorem) 
as follows: 

"an integer", 
"an integer" , 

+ Gs2, 

+ G40, 

+ G4S, 

"an integer" , 

+ Gq4, 

C72 =3^ + G72, 

116 352 
Gso = -jz- +^ + ^80, 

Gss ^ cq "*" ^88' 

10 ^ 



Cs 






Ci6 = 


11 
17 




C24 






C32 = 


112 

17 




C40 = 




35 
41 


C48 = 


113 

17 




C56 






Ce,4 = 


114 

17 





C96 — 


11^ 

17 






Cl04 








C112 = 


118 
17 






C120 = 




41 




Cl28 = 


119 

17 






Ci36 = 








C144 = 


llio 




22 

+ 73 


17 



97 



'an integer" . 






113 



+ G120, 

+ ^1287 

137 +^^^^' 

+ ^144- 
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16.4. x{u) of the curve y^ = x^ — 1. First several values of Ci^n for the curve 
j/2 — 3.7 _ 2 ((^ = 3) are as follows: 

Cm = 2^1 ■ 34 • 5 ■ 72 • 11, 
-1 



C28 = ^ • 2^^ ■ 3^^ • 5^ ■ 7^ • 11^ ■ 13^ • 17 • 19 • 23, 
29 



'28 

1 



C42 = ^ ■ 2^^ ■ 3^^ ■ 5^ ■ 7^ ■ 11^ ■ 13^ ■ 17^ ■ 19^ ■ 23 ■ 31^ ■ 37 • 61, 



-1 

'56 



C^fi = ^ ■ 2^3 ■ 3^2 ■ 5^ ■ 7^ ■ 11^ ■ 13^ ■ 17^ ■ 19 ■ 23 ■ 31 ■ 37 



29 
■ 41 ■ 47 ■ 53 ■ 179 ■ 2273, 

C^ = L. 267 . 328 . 5II . 7II . ^^6 . ^^5 . ^r^4 . ^q2 . 232 . 3^2 . 37 
71 



C84 = ^ ■ 2^^-, 3^^ ■ 5^^ ■ 7^^ ■ 11^ ■ 13^ ■ 17^ ■ 19^ ■ 23^ ■ 31^ ■ 37^ 



■ 41 ■ 47 ■ 53 ■ 59 • 61 • 67 • 1093 ■ 31513, 
-1 
29-43 

2 
1 



• 41^ ■ 47 ■ 53 ■ 59 ■ 61 ■ 67 ■ 73 ■ 79 ■ 14953011635323, 



Cgg = _ . 2^5 ■ 3^° ■ 5^6 ■ 7^6 ■ 11^ ■ 13^ ■ 17^ . 19^ ■ 23^ • 31^ ■ 37^ 
29 

■ 41^ ■ 47^ ■ 53 ■ 59 ■ 61 ■ 67 ■ 73 ■ 79 ■ 83 ■ 89 ■ 5413 ■ 15937 ■ 27361, 

Cn2 = -^^ ■ 21°*^ ■ 3^^ • 5^8 . 7^9 . n^ . 138 ■ 17^ ■ 19^ ■ 23^ ■ 31^ ■ 37^ 
29-113 

■ 41^ ■ 47^ • 53^ • 59 • 61 ■ 67 ■ 73 ■ 79 ■ 83 ■ 89 • 97 • 101 ■ 103 ■ 107 

■ 109 ■ 7752349172767981, 



Cl26 = 2^23 . 352 . 522 . 720 . ;^;^13 . ^^9 . ^r^6 . ^q4 . 335 . ^l^ . 373 



43 ■ 127 

■ 41^ ■ 47^ • 53^ • 59^ • 61^ • 67 • 73 ■ 79 ■ 83 ■ 89 ■ 97 ■ 101 ■ 103 • 107 

■ 109 ■ 47713 ■ 139246440988973, 



C,4o = ^ ■ 2^37 . 357 . 524 . 722 . ^^13 . ;L3io . ^f . ^q5 . 236 . 3^4 . 373 



29-71 

■ 41^ ■ 47 ■ 53 ■ 59 ■ 61 ■ 67 • 73 ■ 79 • 83 • 89 ■ 97 ■ 101 • 103 ■ 107 

■ 109 ■ 131 ■ 137 ■ 215936153785645363436712289, 

C^54 = 21^1 ■ 3^^ • 5^6 . 7^5 • 11^*^ • 13^^ ■ 17^ ■ 19*^ • 23^ • 31^ • 37^ 

■ 41^ ■ 47^ ■ 53^ ■ 59^ ■ 61^ ■ 67^ ■ 73^ ■ 79 ■ 83 ■ 89 ■ 97 ■ 101 ■ 103 ■ 107 



• 109 ■ 131 ■ 137 ■ 139 ■ 149 ■ 151 ■ 141376783296257984516233421 



C168 = \- ■ 2^^^ ■ 3^0 ■ 529 . 727 . I1I6 . 13I1 . 177 . 195 . 237 . 314 . 374 

29 • 43 

• 41"^ ■ 472 ■ 53^ ■ 592 ■ 61^ ■ 67^ ■ 732 ■ 79^ ■ 83^ ■ 89 ■ 97 ■ 101 ■ 103 ■ 107 

• 109 ■ 131 ■ 137 ■ 139 ■ 149 ■ 151 ■ 157^ ■ 163 ■ 811 
■ 417793 ■ 1745978749 ■ 41834306314956317, 

Ci«2 = 2I81 ■ 3^6 • 5^1 . 729 . 1117 . 1314 . 178 . 196 . 237 . 3i4 . 374 



41^ ■ 47^ ■ 53^ ■ 59^ ■ 61 ■ 67^ ■ 73^ ■ 79^ ■ 83^ ■ 89^ ■ 97 ■ 101 ■ 103 ■ 107 

69 



■ 109 • 131 ■ 137 ■ 139 ■ 149 ■ 151 ■ 157 • 163 ■ 167 ■ 173 • 179 

■ 2538509 ■ 7602187 • 167935399 • 79956683481346979, 

Ci96 = -^^ ■ 2201 . 3^2 . 534 . 732 . ;li19 . 1315 . ^^9 . ^q7 . 238 . 316 . 375 
^^ 29 ■ 197 

• 41"^ ■ 47^ ■ 53^ ■ 59^ ■ 61^ ■ 67^ ■ 73^ ■ 79^ ■ 83^ ■ 89^ ■ 97^ ■ 101 ■ 103 ■ 107 

■ 109 • 131 ■ 137 ■ 139 • 149 ■ 151 ■ 157 • 163 ■ 167 ■ 173 • 179 ■ 181 • 191 ■ 193 

■ 727297 ■ 64778760224034269867033351318033, 

C210 = --^ 2207 . 388 ■ 5^6 . 735 . 1119 . 13I6 . 1710 . 198 . 23^ ■ 31^ ■ 37^ 

4rO * ( J. ' ^ J. J. 

■ 41^ ■ 47^ ■ 53^ • 59^ • 61^ • 67^ ■ 73^ ■ 79^ ■ 83^ ■ 89^ ■ 97^ ■ 101^ • 103^ ■ 107 

• 109 ■ 131 ■ 137 ■ 139 ■ 149 ■ 151 ■ 157 ■ 163 ■ 167 ■ 173 ■ 179 ■ 181 ■ 191 ■ 193 

• 199 • 537631123386707971 ■ 187949832897792288197625137771, 

C224 = -ZL_ . 2211 . 393 . 538 . 737 . ;li21 . ;L3l7 . ;L711 . ^q7 . 339 . 316 . 376 

29-113 

■ 41^ ■ 47^ ■ 53^ ■ 59^ ■ 61^ ■ 67^ ■ 73^ ■ 79^ ■ 83^ ■ 89^ ■ 97^ ■ 101^ ■ 103^ ■ 107^ 

• 109^ ■ 131 ■ 137 • 139 ■ 149 • 151 • 157 • 163 ■ 167 ■ 173 ■ 179 ■ 181 ■ 191 ■ 193 

• 199 ■ 2143 • 980275197267685204162754635787499610695199551689, 
1 

239 

■ 41^ ■ 47^ ■ 53^^ • 59^ • 61^ • 67^ ■ 73^ ■ 79^ ■ 83^ ■ 89^ ■ 97^ ■ 101^ ■ 103^ ■ 107^ 



C238 = ^ . 2^35 . 3IO2 . 542 . 738 . ;li22 . ^3X8 . ^^713 . 198 . 23IO . 316 . 376 



• 1092 ■ 131 ■ 137 ■ 139 ■ 149 ■ 151 ■ 157 ■ 163 ■ 167 ■ 173 ■ 179 ■ 181 ■ 191 ■ 193 
■199 -223 -227 -229 -233 

■ 1481 ■ 817289119749725617-129311862685631303361301385041, 

C252 = — 2^13 . 3IO7 . 544 . 741 . ;li24 . ;L3l9 . 17II . 199 . 23IO . 3i7 . 376 

29 ■ 43 ■ 127 

■ 41^ ■ 47^ • 53^ • 59^ • 61^ • 67^ ■ 73^ ■ 79^ ■ 83^ ■ 89^ ■ 97^ ■ 101^ • 103^ ■ 107^ 

• 1092 ■ 131 ■ 137 ■ 139 ■ 149 ■ 151 ■ 157 ■ 163 ■ 167 ■ 173 ■ 179 ■ 181 ■ 191 ■ 193 

■ 199 • 223 ■ 227 ■ 229 ■ 233 ■ 241 ■ 38356192325687 

• 983117314012755559943 ■ 209316897257954284206743809693. 
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Each Ci4n is written by an integer 6*14^ (von Staudt-Clausen type theorem) as 
follows: 



Ci4 






















"an integer" 


C28 = 


4 
29 




















+ ^28, 


C42 = 




10 
43 


















+ G^42, 


C'se = 


42 
29 




















+ ^56, 


C70 = 






20 
71 
















+ G70, 


6*84 = 


43 
29^ 


102 
43 


















+ G84, 


Cqs 






















"an integer" 


C112 = 


4^ 
29 






+ 


3 

113 












+ ^112, 


Cl26 = 




103 

43 








+ 


41 
127 








+ ^1267 


ClAO = 


45 
29 




202 

^1 
















+ ^1407 


Ci54: 






















"an integer" 


C168 = 


46 
29^ 


10^ 
43 


















+ Gl68j 


Cl82 






















"an integer" 


Ci96 = 


4^ 
29 












+ 


56 
197 






+ GlQQ, 


C210 = 




10^ 
43 


20^ 










+ 


180 
211 




+ G2IO, 


C22A = 


48 
29 






+ 


32 
113 












+ G^224, 


C238 = 




















118 
239 


+ G^238, 


C252 = 


49 


10^ 

A 








+ 


412 

-1 r\^7 








+ G^252- 



29 43 127 
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16.5. x{u) of the curve y^ = x^ — x. First several values of Ci2n for the curve 

y"^ — x^ — X {g = 3) are as follows: 



1 

'12 



Ci2 = -^- 2^°- 3^- 52.7, 



13 
-1 

^24 



C24 = ^ ■ 2^2 ■ 3^° ■ 5^ ■ 7^ ■ 11^ ■ 17^ ■ 19, 



13 
1 

^36 



C36 = — ^ ■ 2^^ ■ 3^^ ■ 5^ ■ 7^ ■ 11^ ■ 17^ ■ 19 ■ 23 ■ 29 ■ 31 ■ 41, 



13-37 
-1 

■'48 



C48 = ^ ■ 2^^ ■ 3^2 ■ 5^ ■ 7^ ■ 11^ ■ 17^ ■ 19^ ■ 23^ ■ 29 ■ 31 ■ 41 



13-61 

■ 43 ■ 226843, 

Ceo = — ^ 2^^ ■ 3^° ■ 5^^ ■ 7^ ■ 11^ ■ 17^ ■ 19^ ■ 23^ ■ 29^ ■31-41 

13 ■ 61 

■ 43 ■ 47 ■ 53 ■ 1489, 

C = -I^ . 2^3 . 334 . 510 . 710 . ^^6 . ^r^4 . ;^g3 . 233 . 292 . 3i2 . 41 
13 ■ 37 

■ 43 ■ 47 ■ 53 ■ 59 ■ 67 ■ 9833 ■ 38618729, 



1 

^84 



Cs4 = — ■ 2^^ ■ 3^*2 ■ 5^^ ■ 7^2 ■ 11^ ■ 17^ ■ 19^ ■ 23^ ■ 29^ ■ 31^ ■ 41^ 



13 

■ 43 ■ 47 • 53 ■ 59 ■ 67 ■ 71 ■ 79 ■ 257 ■ 311 • 10445899, 

C96 = -^^ . 2^4 • 3^" ■ 514 • 712 . 118 . 174 . 194 . 234 . 293 . 3i3 . 4^2 
13 ■ 97 

■ 43^ ■ 47^ ■ 53 ■ 59 ■ 67 ■ 71 ■ 79 ■ 83 ■ 89 ■ 157 ■ 47563 ■ 46457 ■ 653693, 



Cms = ^ 2^°^ ■ 3^3 ■ 5^^ ■ 7^^ ■ 11^ ■ 17^ ■ 19^ ■ 23^^ ■ 29^ ■ 31=^ ■ 41^ 



13 ■ 37 ■ 109 

■ 432 ■ 472 ■ 532 ■ 59 ■ 67 ■ 71 ■ 79 ■ 83 ■ 89 ■ 101 ■ 103 

■ 647 ■ 255307815673498109, 

C120 = -^^ ■ 2^^^ ■ 3^^ ■ 5^^ ■ 7^^ ■ 11^ ■ 17^ ■ 19^ ■ 23^ ■ 29^ ■ 31^ ■ 41^ 
13-61 

■ 43^ ■ 472 ■ 53^ ■ 592 ■ 67 ■ 71 ■ 79 ■ 83 ■ 89 ■ 101 ■ 103 ■ 107 ■ 113 

■ 331 ■ 4759 ■ 8486377 ■ 205745894701, 

Ci32 = — . 2^32 . 363 . 522 . 7I8 . ;li12 . 176 . ^q6 . 235 . 294 . 3l4 . 4^3 

" 13 

■ 43^ ■ 47^ ■ 53^ ■ 59^ ■ 67 ■ 71 ■ 79 ■ 83 ■ 89 ■ 101 ■ 103 ■ 107 ■ 113 

■ 127 ■ 519205082831736259350305213, 

Ci44 = — 2^45 . 370 . 522 . 7I9 . ;li13 . 177 . ^q7 . 236 . 293 . 3i4 . 4i3 

13 ■ 37 ■ 73 

■ 43^ ■ 47^ ■ 53^ ■ 592 ■ 67^ ■ 71^ ■ 79 ■ 83 ■ 89 ■ 101 ■ 103 ■ 107 ■ 113 

■ 127 ■ 131 ■ 137 ■ 139 ■ 487 ■ 116447 ■ 70754581159 ■ 13276324698781, 

Ci56 = -^— ■ 2^52 . 375 . 526 . 722 . ;li14 . 178 . ^q8 . 236 . 294 . 3l4 . 4i3 

^^ 13-157 

■ 43^ ■ 47^ ■ 53^ ■ 592 ■ 67^ ■ 71^ ■ 79 ■ 83 ■ 89 ■ 101 ■ 103 ■ 107 ■ 113 

■127 -131 -137 -139 -149 -151 

72 



■ 449 ■ 9839 ■ 2761009 ■ 22771433 ■ 14897675203748611 



158 -^2 

■ 43^ ■ 47^ ■ 53^ ■ 592 ■ 67^ ■ 71^ ■ 79^ ■ 83^ ■ 89 ■ 101 ■ 103 ■ 107 ■ 113 

■ 127 ■ 131 ■ 137 ■ 139 ■ 149 ■ 151 ■ 163 

■ 2153 ■ 2179 ■ 2909 ■ 5303 ■ 28573 ■ 215723 ■ 486014655083, 

Ci8o = ^ 2181 . 3^0 . 5^1 . 725 . I1I6 . 178 . 199 . 237 . 295 . 3i5 . 4i4 

13 -37 -61 -181 

■ 43^ ■ 47^ ■ 53^ ■ 59^ ■ 67^ ■ 71^ ■ 79^ ■ 83^ ■ 89^ ■ 101 ■ 103 ■ 107 ■ 113 

■ 127 ■ 131 • 137 • 139 ■ 149 • 151 ■ 163 ■ 167 • 173 

■ 1409 ■ 4356533 ■ 41429650536998423202242258179333, 

Ci92 = Zl 2i9° ■ 3^^ ■ 530 . 726 . 1117 . 1710 . 1910 . 238 . 295 . 316 . 4i4 

^ 13 ■ 97 ■ 193 

■ 43^1 • 47^1 ■ 53^ ■ 59^ ■ 67^ ■ 71^ ■ 79^ ■ 83^ ■ 89^ ■ 101 • 103 ■ 107 • 113 

■ 127 ■ 131 ■ 137 ■ 139 ■ 149 • 151 ■ 163 ■ 167 • 173 ■ 179 

■ 1637 ■ 6553 ■ 91528069 ■ 138182422934743639 ■ 2002149133519714847, 

C204 = — . 2201 . 3100 ■ 534 . 729 . III8 . 17I1 • I910 • 238 . 296 ■ 31^ ■ 41^ 

2U4 ^g 

■ 43^ ■ 47^ ■ 53^ ■ 59^ ■ 67^ ■ 71^ ■ 79^ ■ 83^ ■ 89^ ■ 101^ ■ 103 ■ 107 • 113 

■ 127 ■ 131 ■ 137 ■ 139 ■ 149 ■ 151 ■ 163 ■ 167 ■ 173 ■ 179 ■ 191 ■ 197 ■ 199 

■ 3215816668951 • 690281420686969 • 355828513600997578367, 

C216 = — 2^13 . 3^06 . 534 . 731 . ;li19 . ;L7io . 19I1 . 239 . 296 . 31^ . 41^ 

13 ■ 37 ■ 73 • 109 

■ 43^ ■ 47^1 ■ 53^ ■ 59^ ■ 67^ ■ 71^ ■ 79^ ■ 83^ ■ 89^ ■ 101^ ■ 103^ ■ 107^ ■ 113 

■ 127 ■ 131 • 137 ■ 139 ■ 149 • 151 ■ 163 ■ 167 • 173 ■ 179 ■ 191 • 197 ■ 199 ■ 211 

■ 668273 ■ 236655047 ■ 8245796813443668293 

■ 2048021738357246699741070257. 
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Each Ci2n is written by an integer Gi2n (von Staudt-Clausen type theorem) as 
follows: 



+ Gl2, 
+ ^24, 
+ ^36, 

+ G^s, 
+ Ceo, 

+ ^72, 
+ ^84, 
+ Gqq, 

103 ^ 



Cl2 — 


7 
13 










C2^ = 


72 
13 










G36 = 


73 
13 










C48 = 


74 
13 










Ceo = 


75 
13 


+ 


51 
61 






C72 = 


76 
13 






+ 


6 
73 


C84- 


7' 

13 

78 








79 


Cge = 


13 








+ 97 


C108 = 


79 
13 










^120 = 


710 
13 


+ 


512 
61 






^132 = 


711 
13 










C144 = 


712 
13 






+ 


62 
73 


Ci56 = 


713 
13 










C168 = 


714 
13 










C18O = 


715 
13 


+ 


513 
61 




792 
+ 97 


^192 = 


7I6 
13 










^204 = 


717 
13 










^216 = 


7I8 
13 






+ 


g3 

73 



109 



+ G120, 

+ GiS2, 

+ GiM, 

22 

+ ITT; + Ci56, 



157 



181 



+ G 



168, 



18 ^ 



179 ^ 

+ 193 +^^^^' 



+ G: 



204, 



1032 

~l~ ~l~ ^216- 

109 
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16.6. x{u) of the curve ip = x^ — 1. First several values of Cign for the curve 
y^ — x^ — 1 ((7 = 4) are as follows: 



Qs = — • 2^6 ■ 3^ ■ 5^ ■ 72 ■ 11 ■ 13, 
19 

C36 = ■ 2^^ • 3^^ • 5^ ■ 7^ • 11^ ■ 13^ ■ 17^ ■ 23 • 29 • 31 • 53, 

19 ■ 37 

C54 = J- . 2^1 ■ 3^^ • 5^2 . 78 . ii3 . ;l34 . ^^^3 . 233 . 292 . 31 . 41 . 43 . 47, 
19 



C72 = -^— • 2^° ■ 3^^ • 5^^ ■ 7^^ • 11^ • 13^ • 17^ • 23^ ■ 29^ ■ 31^ ■ 41 

19 ■ 37 ■ 73 

■ 43 ■ 47 ■ 53 ■ 59 ■ 61 ■ 67 ■ 277 ■ 35107, 



1 

^90 



Ca. = — - 2^^ ■ t^ ■ 5^^ ■ 7^^ ■ 11^ ■ 13^ ■ 17^ ■ 23^ ■ 29^ ■ 31^ ■ 41^ ■ 43^ 



19 

■ 47 • 53 ■ 59 ■ 61 ■ 67 • 71 • 79 • 83 • 113 • 199 ■ 2069, 

C108 = — 2^°^ ■ 3^^ ■ 5^9 ■ 7^^ ■ 11^ ■ 13^ ■ 17^ ■ 23^ ■ 29^ ■ 31^ ■ 41^ 

19 ■ 37 ■ 109 

■ 43^ ■ 47^ • 53^ • 59 ■ 61^ ■ 67 ■ 71 ■ 79 ■ 83 ■ 89 ■ 97 ■ 101 ■ 103 ■ 251 ■ 2681009, 

C = 1 2^26 . 363 . 531 . 721 . ^^10 . ^^38 . ^^7 . 235 . 295 . 3i4 . 4^3 

^ 19-127 

■ 432 ■ 47^ ■ 53^ ■ 59^ ■ 61^ ■ 67 ■ 71 ■ 79 ■ 83 ■ 89 ■ 97 ■ 101 ■ 103 ■ 107 

• 113 ■ 22639911725059, 

C144 = — 2^44 . 371 . 535 . 722 . ^^14 . ^311 . ^78 . 236 . 293 . 3i4 . 4i3 

19 ■ 37 ■ 73 

■ 43^ ■ 47^ ■ 53^ ■ 592 ■ 61^ ■ 67^ ■ 71^ ■ 79 ■ 83 ■ 89 ■ 97 ■ 101 ■ 103 ■ 107 

■ 113 ■ 131 ■ 137 ■ 139 ■ 257 ■ 2063 ■ 14375966528323, 

Ci62 = -J— . 2I6O . 384 . 539 . 726 . ;li12 . 13I1 . 179 . 237 . 294 . 3i5 . 4i3 
^ 19 ■ 163 

■ 43^ ■ 47^ ■ 53^ ■ 59^ ■ 61^ ■ 67^ ■ 71^ ■ 79^ ■ 83 ■ 89 ■ 97 ■ 101 ■ 103 ■ 107 

■ 113 ■ 131 ■ 137 ■ 139 ■ 149 ■ 151 ■ 157 ■ 683 ■ 1868051 ■ 4779877 ■ 5414895901, 

C180 = — 2^80 . 3^2 . 545 . 728 . ;li14 . 1312 . ^^10 . 237 . 295 . 3i5 . 4i4 

^^ 19 -37 -181 

■ 43^ ■ 47^ ■ 53^ ■ 59^ ■ 61^ ■ 67^ ■ 71^ ■ 79^ ■ 83^ ■ 89^ ■ 97 ■ 101 ■ 103 ■ 107 

■ 113 ■ 131 ■ 137 ■ 139 ■ 149 ■ 151 ■ 157 ■ 167 ■ 173 ■ 179 

■ 80051837 ■ 3425819816490635592983, 

Ci98 = —L- . 2196 . 399 . 547 . 732 . ;li18 . 1314 . ;l711 . 238 . 29^ ■ 31^ ■ 41^ 
19 ■ 199 

■ 43^ ■ 47^^ ■ 53^ ■ 59^ ■ 61^ ■ 67^ ■ 71^ ■ 79^ ■ 83^ ■ 89^ ■ 97^ ■ 101 ■ 103 ■ 107 

■ 113 ■ 131 ■ 137 ■ 139 ■ 149 ■ 151^ ■ 157 ■ 167 ■ 173 ■ 179 ■ 191 ■ 193 ■ 197 

■ 3943 ■ 64682082077 ■ 9591335434411. 
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Each Cisn is written by an integer Gisn (von Staudt-Clausen type theorem) as 
follows: 



Ci8 = 


19 












+ Gl8j 


C36 = 


72 5 

19 ^37 
73 

19 












+ GsQ, 


C54 = 












+ G54, 


C72 = 


74 52 67 

19 ^37^73 










+ ^76, 


C90 = 


75 
19 












+ Ggo, 


C'los = 


76 53 
19 ^37 












+ Cios, 


Ci26 — 


7^ 
19 




95 
^ 109 








+ ^1265 


C144 = 


78 54 
19 ^37^ 


672 
73 










+ ^144, 


Ci62 = 


79 
19 




+ 


7 
163 






+ Gi62, 


C18O = 


710 55 
19^37 






+ 


20 
181 




+ ^180, 


Ci98 = 


711 
19 










114 

"^ 199 


; + GiQs- 
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I 17 I Non-hyperelliptic curves 

17.1. Algebraic curves with completely ramified at infinity. We here 
describe how the natural variable u is chosen for a general curve of cyclotomic 
type. 

Let a and b be coprime pair of positive integers, and let 

(17.1.1) fix, y)=y--x'-J2 ^^a+JbXY 

be separable polynomial, where the pair (i,j) runs through the integers such that 

(17.1.2) 0^i<6-l, 0^j<a-l, ia + jb<ab 
We discuss with the algebraic curve defined by 

(17.1.3) C:f{x,y)^0. 

Here C is regarded naturally as a curve with unique point oo at infinity. The genus 
of C is given hj g = (a — 1)(6 — l)/2. On this curve C, the set 

(17.1.4) x^-'y^-^-^dx 

fy{x,y) 

forms a basis of the differential forms of the first kind, where fy{x,y) = -g^{x,y). 
By choosing a generator of the fundamental group of C, we define the period matrix 
[uj' uj"]. We also define the lattice of periods in C^ by 

A:^u"[Z Z ■■■ Z]+u"'[Z Z ■■■ Z](CC^). 

We denote the Jacobian variety of C by J, and the symmetric product of g copies 
of C by Sym^(C). Then we have a birational map 

SymS(C) ^Pic°(C) = J 
(Pi, . . . , Pg) 1-^ the class of Pi + ■■■ + Pg — g ■ oo. 

As an analytic manifold, J is identified with C^/A. We denote by k the natural 
map Cs -^ Cs/A = J. The map 

i : Q \-^ Q — oo 

gives an embedding of C into J. The pull-back K~^i{C) of the image of t by k is a 
universal Abelian covering of C. The birational map is represented analytically by 
sending each (Pi, . . . , Pg) G Sym^(C) to the point u mod A G C^/A, where 

\.Joo J oo j 
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For each point u E k ^i(C), we denote by 

(17.1.5) x{u), y{u) 

the value of (x, y)-coordinate of C such that k{u) = l{x{u), y{u)) We regard a 
rational expression of x{u) and y{u) as a function on k~^l{C). Basically, we have 



Lemma 17.1.6. The Laurent development of x{u) and y{u) around u 
(0, ■ • • ,0) with respect to Ug is of the form 

x{u) = ^ + (rf°K) ^ -a + 1), y{u) = -^ + {d°{ug) ^ -b + 1). 



Moreover, we have a result correspond to 4.2.2, and we see that 



It is natural to take u := Ug as a local parameter around u = (0, ■ ■ ■ , 0) on 



We call a curve C defined by f{x,y) = 0, where 

(17.1.7) f{x,y) = y''-x' + l, or f{x,y) = y''-x' + x, 

to be a curve of cyclotomic type. For such a curve C, the Hurwitz coefficients of the 
power series development of the functions u = Ug ^-^ x{u), Ug ^^ y{u) with respect 
to u satisfy the Clarke type theorem (von St audt- Clausen type theorem plus the 
extension of von Staudt second theorem) and the Kummer type theorem. We can 
prove them by the same argument of this paper. 
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17.2. x(u) of the curve y^ = x^ — 1. Let consider the curve y^ = x^ — 1 
((7 = 4). Its local parameter defined in 17.1 is 











U4 = 

J CO 


''y) x^ 

32/2- 


The function 


x{u) 


for this 


curve 


satisfies 

dU4 


x'^dx 



dx 3y2 
namely 
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First several values of the Hurwitz coefficients Cm of the power series development 
of w H-* x{u) are as follows. Here if 15 /m, then Cm = 0. 

Ci5 = 2^- 3^- 53- 7- 11, 

C30 = J- . 2^9 ■ 3^^ ■ 5^ • 7^ ■ 11^ ■ 132 ■ 17 ■ 192 ■ 23, 

C45 = 2^1 ■ 321 ■ 5^° ■ 7^ ■ 11^ ■ 13^ ■ 172 • 19^ ■ 29 ■ 37 ■ 41 ■ 787, 

Ceo = — ^ 2^3 ■ 32s ■ 5^^ ■ 7^ ■ 11^ ■ 13^ ■ 17^ ■ 19^ ■ 23 ■ 29 ■ 37^ ■ 41 ■ 43 

31 ■ 61 



■47 -53 -2671, 

^75 



Cjr = 2^^ ■ 3^^ ■ 5^^ ■ 7^^ ■ 11^ ■ 13^ ■ 17^ ■ 192 ■ 23^ ■ 29^ ■ 37^ ■ 41 ■ 43 



■ 47 ■ 53 ■ 59 ■ 67 ■ 71 ■ 149 ■ 5843, 

Cqq = — . 2^^ ■ 3^^ ■ 521 ■ 7^2 ■ 11^ ■ 13^ ■ 17^ ■ 19^ ■ 23 ■ 29^ ■ 37^ ■ 41^ ■ 43^ 

■ 47 ■ 53 • 59 ■ 67 ■ 71 ■ 73 ■ 79 • 83 • 482561869, 

Cin. = 2^^ ■ 3^^ ■ 5^^ • 7^^ ■ 11^ ■ 13^ ■ 17^ ■ 19^ ■ 23^ ■ 29^ ■ 37^ • 41^ • 43^ 



472 ■ 59 ■ 67 ■ 71 ■ 73 ■ 79 ■ 83 ■ 89 ■ 97 ■ 101 ■ 4132022673901, 



C120 = — 2^^ ■ 3^^ ■ 5^^ ■ 7^^ ■ 11^ ■ 13^ ■ 17^ ■ 19^ ■ 23^ ■ 29^ ■ 37^ ■ 41^ ■ 43^ 

31 • 61 

■ 47^ • 53 • 59 ■ 67 ■ 71 ■ 73 ■ 79 ■ 83 • 89 • 97 • 101 ■ 103 ■ 107 • 109 ■ 113 

•113153-31199395512997, 
C^35 = 2i°3 . 366 . 534 . 720 . ;^^i2 . ^39 . ^77 . ^q6 . 232 . 294 . 373 . 4^3 . 433 

■ 47^ ■ 53 ■ 59^ ■ 67 ■ 71 ■ 73 ■ 79 ■ 83^ ■ 89 ■ 97 ■ 101 ■ 103 ■ 107 ■ 109 ■ 113 ■ 127 

■ 131 • 1567 • 970351 ■ 280656653, 

Ci5o = ^ 2^^^ ■ 3^^ ■ 5^^ • 7^^ ■ 11^^ ■ 13^^ ■ 17^ ■ 19^ ■ 23^ ■ 29^ ■ 37^ • 41^ ■ 43^ 

31 ■ 151 

■ 47^ ■ 53 ■ 59^ ■ 67^ ■ 71^ ■ 73^ ■ 79 ■ 83 ■ 89 ■ 97 ■ 101 ■ 103 ■ 107 ■ 109 ■ 113 ■ 127 
• 131 • 137 ■ 139 • 1993 ■ 13703297 ■ 394936930338121. 
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Each Ci^ri is written by an integer Gisn as follows (von Staudt-Clausen type the- 
orem) : 



Cl5 








"an integer" 


C30 = 


2 
31 






+^30, 


C45 








"an integer" 


Ceo = 


2-4 
31 


6 
+ 61 




+Gqo, 


C75 








"an integer" 


C90 = 


2-42 






+^90, 


31 


C105 








"an integer" 


C120 = 


2-43 


11-12 




+G120, 


31 


' 61 


C135 








"an integer" 


Cl50 — 


2- 44 




136 


+G^150- 



31 151 
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17.3. x{u) of the curve y"^ = x'^ — x. Let consider the curve y^ = x^ — x 
((7 = 3). Its local parameter defined in 17.1 is 



•"3 



("'^) xdx 

The function x{u) for this curve satisfies 

dus X 
dx 4y^ ' 



namely, 










x{u)x'{u)^ = 4^{x^{u) - 


-If 


( means - — . 
du^ 
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First several values of the Hurwitz coefficients Cm of the power series development 
oiu V-* x{u) are as follows. Here if 8 /m, then Cm = 0. 

C8 = 2\ 

Ci6 = ^-2i6-33.52.7-ll, 
CoA = 2^1 ■ 3^ • 5^ ■ 7^ ■ 11 ■ 13 ■ 19, 



C32 = -r^ ■ 2^° ■ 3^ ■ 5^ ■ T'^ ■ 11^ ■ 13^ ■ 19 ■ 23 ■ 53, 



^24 

-1 

17 

C40 = — ■ 2^^ ■ 3^2 ■ 5^ ■ 7^ ■ 11^ ■ 13^ ■ 19 ■ 23 ■ 29 ■ 31 ■ 10079, 
41 

C48 = — ■ 2^^ ■ 3^^ ■ 5^ ■ 7^ ■ 11^ ■ 13^ ■ 192 ■ 23 ■ 29 ■ 31 ■ 37 ■ 43 ■ 631 ■ 743, 
C56 = 2^2 . 3I8 . 58 . 78 . ;li4 . 134 . ;l92 . 232 . 29 ■ 31 ■ 37 ■ 43 ■ 47 • 6278521, 
C64 = — ■ 2^2 . 321 . 510 . 78 . ^^5 . -^^3 . ;Lg3 . 232 . 292 . 31 . 37 . 43 • 47 

■ 53 ■ 59 ■ 4383871061, 

Cr2 = ^- 2^° ■ 3^^ ■ 5^° ■ 7^° ■ 11^ ■ 13^ ■ 19^ ■ 23^ ■ 29^ ■ 31^ ■ 37 ■ 43^ ■ 47 
• 53 ■ 59 ■ 61 ■ 67 ■ 131 ■ 262369, 

Cgo = ~^ ■ 2^° ■ 32^ ■ 5^2 ■ 7^^ ■ 11^ ■ 13^ ■ 19^ ■ 23^ ■ 29^ ■ 31^ ■ 37^ ■ 43 ■ 47 
«^ 17-41 

■ 53 ■ 59 ■ 61 ■ 67 ■ 71 ■ 439 ■ 547 ■ 667333, 

Css = — ■ 2^4 ■ 3^° ■ 5^^ ■ 7^2 . 118 . 135 . iq4 . 233 . 292 . 3^2 . 3^2 . 43 . 47 
89 

■ 53 ■ 59 ■ 61 ■ 67 ■ 71 ■ 79 ■ 83 ■ 1121453 ■ 21825851419, 



-1 

^96 



Cor = -—^ ■ 2^^ ■ 3^^ ■ 5^^ ■ 7^2 ■ 11^ ■ 13^ ■ 19^ ■ 23^ ■ 29^ ■ 31^ ■ 37^ ■ 43^ ■ 47 



17-97 

• 53 ■ 59 ■ 61 ■ 67 ■ 71 ■ 79 • 83 ■ 139 ■ 20840707 ■ 194526553349, 

Cio4 = 2^°^ ■ 3^^ ■ 5^^ • 7^^ ■ 11^ • 13^ ■ 19^ ■ 23^ ■ 29^ ■ 31^ ■ 37^ • 43^ ■ 47^ 

■ 53 ■ 59 ■ 61 ■ 67 ■ 71 ■ 79 ■ 83 ■ 1993 ■ 126570133 • 4007528953, 

C112 = ~^ ■ 2^13 ■ 3^^ ■ 5^^ ■ 7^^ ■ 11^ ■ 13^ ■ 19^ ■ 23^ ■ 29^ ■ 31^ ■ 37^ ■ 43^ ■ 47^ 
17-113 

■ 53^ ■ 59 ■ 61 ■ 67 ■ 71 ■ 79 ■ 83 ■ 101 ■ 103 ■ 107 ■ 167 

■ 70855976395479100717919, 

C120 = — ■ 2^^^ ■ 3^2 ■ 5^^ ■ 7^^ ■ 11^ ■ 13^ ■ 19^ ■ 23^ ■ 29^ ■ 31^ ■ 37^ ■ 43^ ■ 47^ 

■ 53^ ■ 59 ■ 61 ■ 67 ■ 71 ■ 79 ■ 83 ■ 101 ■ 103 ■ 107 ■ 109 

• 541 ■ 117101 ■ 1595557 ■ 27462441284549. 
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Each Csn is written by an integer Gsn as follows (von Staudt-Clausen type theo- 
rem): 



Cs 
















"an integer" 


Cl6 = 


11 

17 














+ G16, 


C24 
















"an integer" 


C32 = 


11-15 
17 














+ G32, 


C40 = 




29 

41 












+ G40, 


C48 = 


11 ■ 152 
17 














+ G48, 


C56 
















"an integer" 


Cq4 = 


11-153 
17 














+ ^64, 


C72 = 








1 
73 








+ ^72, 


C'so = 


11-154 
17 


29 - 10^ 
^ 41 










+ ^80, 


Css = 










28 
89 






+ ^88, 


C96 = 


11 - 15^ 










94 
%7 




+ G96, 


17 


Cl04 
















"an integer" 


C112 = 


11-156 










+ 


73 
113 


■ + ^112, 


17 


C120 = 




29 


-10^ 










+ ^120- 



41 
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18 Appendices 

18.1. Relations on binomial coefficients. The Hasse-Witt matrix with 

respect to the basis (4.1.1) for the curve y^ = x^ — 1 mod p is diagonal ([Yu]), and 
its (2, 2)-entry is, as in 6.3, given by 

^P-i 1) [{p-i)/io) ^- 

We show that it coincide with the value (11.1.4). In other words, we claim, for a 
prime p = 1 mod 5 by letting p = 10m + 1, that 

(2m -1)!! , ^,^f5m\ 

- (-1) mod p. 



ml2'^ \ m ^ 

Since this is equivalent to 

(2m -1)!! , ^,^/5m\ 

^ -^ = (-2)"" mod p 

m! \m J 

we prove this. Because 

2(5m), 2(5m — 1), ■ ■ ■ , 2(5m — (m — 1)) mod p 

are coincide with 

— 1, —3, ■ ■ ■ , —(2m — 1) mod p 

respectively. Thus, we see the equation above. Similarly, we can prove 

(5m -3)!! , ..^/SmA 

u Jm = -1 mod p. 

m!(— 5)™- \m J 

Although, the facts above are proved by using basic properties of p-adic F- 
function, we have described them quite elementary way. 
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18.2. Links with certain Eisenstein type series without justification. It 

is a natural question whether the numbers C„ and D^ relate a kind of L-function. 
In the below, we explain that such a question is not completely nonsense. 
We recall the proof of Hurwitz formula, that is 

(18-2.1) y T^ = ^24-^4^ 

^ ' ^ X'^^ Un)\ 

Aez+Zv^^,/o 

along [Hul](see also [AIK, pp. 193-198]), where 

^= r^^^oo). 

After equating the two kinds of developments 



^(^) = ^^1^ 



n-2 



y2 /L^ j^ (n — 2)!' 

by removing l/v?, and by differentiating them An — 2 times, we have (18.2.1) by 
substituting -u = 0. This argument is similar to the proof of Euler's formula, 
namely the expression of the special value C(2?ti) of the Riemann zeta function by 
a Bernoulli number and tt, by using two kinds of developments for l/sin^(w). 

For the case of a hyperelliptic curve of arbitrary genus g, x{u) has Laurent 
expansion around each lattice point l = (£i, £2, ■ ■ ■ , ^3) £ A (c C^): 



(18.2.3) x{u) = —2 + 



1 

(% - ^gY 



Although we do not have any justification, we could expect such the formula that 

vl. 

where means the sum is not justified. If such the formula exists by the similar 
argument as in p{u), we have the following type formula: 



For the curve y'^ = x^^^^ — 1, 

* I Q2(2g+l)n 

(18-2-5) 2^ ;,2(2,+i)n = (2(2<7 + l)n)!^2(2^+^)" 



A6L,/0 



where 



n= I - — —>o 

1 y 
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and L is 1/0 times the image of the projection of A C C^ to the g-ih. factor C (For 
example, if 2(7 + 1 is a prime, then L = Z[e^'^*/*^^^"'"^^]). 
Furthermore, 



For the curve y^ = x^^"*"^ — x, 

E* 1 0,^9n 
T^ = 71 ^C4qn 



0= / >0 



where 

and L is 1/0 times the image of the projection of A C C^ to the g-th factor C. 

If such results is obtained, it would be a discovery of new L-functions which is in 
the different category of Hecke's L-function associated to Grossen characters. The 
author also expect that this story relates to the thing written in [I, p. 240]. 
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18.3. Related formula with Hochschilt's formula. The following formula is 
similar to 13.2.2. Although this is weaker than 13.2.2, it is much general. 



Proposition 18.3.1. Letp he a prime. Let K be a function field over the finite 
field Fp of p elements. We denote by Rp the set of p-powers of the elements 
of K . Let if be a generator of the extension K/K^, namely, an element such 
that K = Kp{lp). Suppose D be a derivation from K to itself. Then 

DP-^^ = a + b^, (a, beRP). 



Proof. The field K is a, vector space over K^ of dimension p, and 1, </?, i/?^ 
{pP~^ form a basis of this space. So we may write 

Dip = Co + Clip + C2ip^ H h Cp-iipP~^, {cj e RP). 



Since D{ip^) = jip^ Dip, we have 



D[l ip ip"^ 



ipP-'] = [l ip ip' 



ip- 



,P-11T 



where 






Co 


2cp.iipP 


3cp_2V'^ 


4cp_3V?P 





Cl 


2co 


3cp-iipP 


4Cp-2^P 





C2 


2ci 


3co 


4cp-i^P 





C3 


2C2 


3ci 


4co 





C4 


2C3 


3C2 


4ci 





Cp-3 


2Cp_4 


3Cp_5 


4Cp_6 





Cp-2 


2Cp_3 


3Cp_4 


4Cp_5 





Cp-l 


2Cp_2 


3Cp_3 


4Cp_4 



(p - 1)C2V7' 

{p - l)csip'' 

{p - 1)C41P'' 
{p - 1)C51P'' 
{p - l)c6ip'' 



{p-l)Cp-i^P 

{P - l)co 
(P - l)ci 



It suffice for proving 18.3.1 to show the following. 



Lemma 18.3.2. 


Under the 


situation above, 


the matrix 


of 


size 


(P- 


-1) 


x{p- 


-1) 


given by removing 


the first row and the first 


column 


of 


















TP-^ mod 


V 
















is a scalar matrix. 























The following proof is due to Hiroshi Suzuki. We denote for a square matrix M 
by Mi^ J2 ... i the matrix consists of the ii, i2, ■■■, ^j-th rows with the ii, i2, ■■■, 
ij-th columns of M, and | | means taking the determinant. It is well-known that 
the characteristic polynomial of M is given by 



(18.3.3) 



It/ -Ml 



t^ + j2(-^r~'( 



E 



IM„,,:,,..,.JI(''-J, 



l^il<i2<---<Jj^ 



j^P 



To save complication, we regard the suffix of a row or column by modulo p. Let 

'0 
1 



Cl 
C5 



Co 
Cl 
C2 
C3 
C4 



Cp-2 Cp_3 

Cp-1 Cp_2 
-P 



p — 1_ 

Co 
Cl 
C2 
C3 



Cp— 4 
Cp-3 
Cp-2 



'P-2V'^ 
^p-lV'^ 

Co 

Cl 

C2 

Cp— 5 
Cp— 4 
Cp-3 



Co 
Cl 



Cp— 6 
Cp— 5 
Cp— 4 



LCoV ^ Cp-i 

So that T — PS. Then we can easily see, for 1 ^ ii < i2 < 



C2(p- 



•P n 



p 



Co 

Cl 



< ij = P that 



(18.3.4) 

Moreover, we see that 



IP, 



il + l,i2 + l, 



\Pi 



^l,^2,■■■ ,^ 



(18.3.5) 
Hence 

(18.3.6) 



IT- 

■J- 7, 



*1,^2,-" ?^j I 



(n-l)(i2-l)---(i,-l)|P, 



*1,*2, 



It/-T| 






+ h 



{b + ij 



P, 



*i, 



t^ + |T| 



Here |T| = 0. The inner sum across over (ii, ■ ■ ■ ,ij) with 1 ^ ki < ■ ■ ■ < kj ^ p 
modulo the equivalence relation such that additions of the same number for all the 
entries of (/ci, ■ ■ ■ ,kj) is not change its class. Of course, we are assuming that, if 
an entry exceed p, we subtract p from it and move it to the first entry circularly. 
Since p is a prime, each lengths are 1 or p. The length is 1 if and only if j = p. 
Thus it suffice for our aim only to prove 



(18.3.7) 



beFp 



{b + ij] 



(if 1 ^ j < p - 1 
-1 (ifj=p-l). 



This is shown by considering the fundamental symmetric polynomial of p variables 
over Fp. lfm=p — l, then the orbit is unique and we can chose as its representative 
(2, 3, ■ ■ ■ ,p). Therefore we conclude 



(18.3.^ 



|t/-T| 



fP 



The Cayley-Hamilton theorem states T^ = 
proof of (18.3.2) have completed. D 
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|P2,3,---,pl^- 

1^2,3, •••,p|T'. Since |T2,3,. 



^ 0, the 



18.4. Problems (or exercises?). Problems not yet proved or things to be 
investigated which the author have are as follows: 

(1) Looking at the numerical examples, the signature of C^ or D^ are alternative or 
stable as in the cases of the Bernoulli and Hurwitz numbers. Prove this phenomena. 

(2) For example, about the curve y'^ = x^ — 1, if p = 1 mod 5 and p — 1 /{ 10m 
thenp /Ciom- 

(3) How are the orders of 2-part of the numbers C^ and D„,'? For the case of the 
Bernoulli and Hurwitz numbers, they are exactly determined. For instance, is it 
true that, for y^ = x^ — 1 {g = 4), ord2Ci5^ = 12n — 3? 
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